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CHAPTER I 
In t roduct ion  
Th i s  r e p o r t  covers  t h e  work performed s ince  t..e w r i t i n g  of 
In t e r im  Report N o .  64-1 as au thor ized  by c o n t r a c t  NAS 8 11302. 
Scope of Work 
The o r i g i n a l  scope of work f o r  t h i s  s tudy  may be broken 
down i n t o  four  phases a s  follows: 
A .  Complete a comprehensive review of p a s t  l i t e r a t u r e .  
B. Develop a mathematical model which desc r ibes  t h e  t r a n s i e n t s  
i n  f l u i d  condui t s  and shows t h e  e f f e c t s  of f l u i d  ine r t ance ,  
f l u i d  capac i tance ,  and f l u i d  r e s i s t a n c e .  Develop an analog 
model based on the  mathematical model which w i l l  s imula te  
t h e  f l u i d  t r a n s i e n t s  i n  a cryogenic c losed  condui t .  
C.  Conduct an experimental  s tudy  t o  v e r i f y  t h e  condui t  
s imula t ion  models. Make necessary  modi f ica t ions  i n  the  
models t o  achieve appropr ia te  agreement wi th  labora tory  
da t a .  
D. Study t h e  e f f e c t s  o f  components, de r ive  t h e i r  a s s o c i a t e d  
t r a n s f e r  func t ions ,  and add t h i s  input  t o  the  paragraph 
C above t o  o b t a i n  t h e  e f f e c t s  of added components. 
I n  order  t o  most e f f e c t i v e l y  accomplish t h i s  work, t h e  p r o j e c t  
personnel  were d iv ided  i n t o  two teams wi th  one team concen t r a t ing  
t h e i r  e f f o r t s  on t h e  s tudy of two-phase phenomena a s  concerned wi th  
cryogenic  f l u i d s .  The o the r  team i s  s tudying t r a n s i e n t  f l u i d  condui t s  
w i th  emphasis on one-phase f l u i d s .  The e f f o r t s  of both teams a r e  
being combined t o  s t u d y $ t h e  e f f e c t s  of two-phase f l u i d s  on t h e  




Summaryof Propress  t o  Date 
The work which has  been done t o  da t e  toward t h e  success fu l  
completion of t h e  work ob jec t ive  a s  i nd ica t ed  i n  t h e  scope may 
be summarized as  fol lows:  
A.  An exhaus t ive  survey of previous i n v e s t i g a t i o n s  has  been 
completed for both  the s ingle-phase and two-phase a r e a s  
of t h e  s tudy.  
B .  A d e t a i l e d  t r a n s f e r  func t ion  model f o r  a v i scous ,  two- 
dimensional,  s ingle-phase condui t  has  been der ived  and 
appears  t o  be capable of ex tens ion  t o  cover pre l iminary  
two-phase and c a v i t a t i o n  s t u d i e s .  Th i s  model has  been 
experimental ly  v e r i f i e d  f o r  t he  s ingle-phase case .  
C.  A condui t  model showing t h e  e f f e c t s  of body f o r c e s  and 
system v i b r a t i o n  has  been der ived.  The equipment necessary 
t o  experimental ly  v e r i f y  t h i s  model f o r  s ing le-phase  flow 
i s  being cons t ruc ted .  
D. An i n v e s t i g a t i o n  of the nonl inear  e f f e c t s  a s s o c i a t e d  wi th  
condui t  dynamics has  been made using a l i n e a r i z e d  second- 
order  equat ion of motion. 
The design of a hydrodynamic t u n n e l  capable  of handl ing 
l i q u i d  n i t rogen  has  been completed and c o n s t r u c t i o n  i s  
about t o  begin.  
E. 
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F. A bubble observa t ion  chamber, s u i t a b l e  f o r  s t u d i e s  wi th  
l i q u i d  n i t rogen ,  has  been designed and cons t ruc ted .  
The fol lowing chap te r s  of t h i s  r e p o r t  g ive  a d e t a i l e d  account of 
t h i s  work. 
Summary of Proposed Work 
The work proposed f o r  the  remainder of t h e  c o n t r a c t  per iod  
may be summarized a s  fol lows:  





F .  
Fur ther  extend t h e  single-phase condui t  model t o  inc lude  
the  e f f e c t s  of components. 
I n v e s t i g a t e  t h e  a p p l i c a b i l i t y  of analog s o l u t i o n s  f o r  t h e  
lumped-parameter model. 
Ver i fy  experimental ly  t h e  component, body-force,  and 
nonl inear  models. 
I n v e s t i g a t e  p o s s i b l e  ex tens ions  of s ingle-phase conduit  
models t o  cover prel iminary two-phase and c a v i t a t i o n  
s t u d i e s .  
Complete cons t ruc t ion  of t h e  hydrodynamic tunne l  and use  
it  t o  s tudy  t h e  e f f e c t  of a c c e l e r a t i o n  on r e l a x a t i o n  t i m e  
i n  both l imi t ed  and profuse c a v i t a t i o n ,  t he  cond i t ions  f o r  
c a v i t y  formation,  and t h e  e f f e c t  of f low p a t t e r n s  on cavi- 
t a t i o n  i n  bends. 
Bubble growth and co l l apse  i n  n i t rogen  w i l l  be observed 
i n  t h e  bubble observat ion chamber us ing  a h igh  speed 
camera. Both s t a t i c  and t r a n s i e n t  p re s su re  cond i t ions  
w i l l  be s tud ied .  
, 
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Recommendat ions for Future  Inves t iga t ions  
Although t h e  work which w i l l  be  accomplished i n  t h i s  f i r s t  year  
of  s tudy  r ep resen t s  a s i g n i f i c a n t  c o n t r i b u t i o n  i n  the  f i e l d  of condui t  
dynamics, w e  f e e l  t h a t  due t o  t h e  experience and know edge gained 
dur ing  t h i s  per iod  w e  w i l l  b e  a t  a s t a g e  where w e  can undertake more 
s p e c i f i c  and p r a c t i c a l  problems of i n t e r e s t  t o  NASA. Areas which 
it is  f e l t  deserve f u r t h e r  study and w i l l  be  rewarding t o  t h e  space 
program include:  
A.  Study t h e  formation and behavior  of bubbles i n  condui t  
systems sub jec t  t o  v i b r a t i o n s .  
B. Extend t h e  concepts of t h e  present  condui t  models t o  
inco rpora t e  tubulence,  bubbles and c a v i t a t i o n  e f f e c t s .  
C.  Continue t h e  a n a l y t i c a l  and experimental  i n v e s t i g a t i o n  
of t h e  s i g n i f i c a n c e  of t h e  nonl inear  e f f e c t s  i n  condui ts  
and t h e i r  components. 
D. I n v e s t i g a t e  experimental ly  t h e  e f f e c t  of flow p a t t e r n s  
upon c a v i t a t i o n  f o r  flow i n  bends and o t h e r  geometries 
us ing  l i q u i d  n i t rogen  and o the r  flowing f l u i d s .  
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CHAPTEB I1 
R e v i e w  of t h e  L i t e r a t u r e  f o r  Single-phase 
Conduit Systems 
2 . 1  Def in i t i on  of t h e  Problem 
The problems a s soc ia t ed  wi th  t h e  design or  a n a l y s i s  of f l u i d  
systems a r e  cha l lenging ,  p a r t i c u l a r l y  f o r  systems involving unsteady 
flows. A t y p i c a l  system may conta in  many components such a s  pumps, 
va lves ,  a c t u a t o r s ,  r e s e r v o i r s ,  motors,  e t c .  gene ra l ly  connected 
toge ther  i n  some manner by f l u i d  l i n e s .  A complete a n a l y s i s  of 
such a system must involve not only t h e  components but  a l s o  t h e  
f l u i d  l i n e s .  This  i s  p a r t i c u l a r l y  t r u e  f o r  unsteady condi t ions  
where t h e  e f f e c t s  of t h e  f l u i d  l i n e s  have i n  some cases  caused 
otherwise w e l l  designed systems t o  be inoperable .  
I n  genera l ,  t he  a rea  of study a s soc ia t ed  with the  flow of f l u i d s  
through condui t s  i s  c a l l e d  "Conduit Dynamics". 
of Conduit Dynamics t o  the  study of a f l u i d  l i n e  involves  a complete 
s tudy of t he  f l u i d  i t s e l f  plus  a s tudy of t h e  e f f e c t  which the  p ipe  
or  condui t  has  upon the  f l u i d ,  For example, i n  making computations 
involving t h e  e f f e c t  of f l u i d  compress ib i l i t y  we may make l a r g e  
e r r o r s  i f  we do not include the compress ib i l i t y  e f f e c t  due t o  t h e  
A r igorous  a p p l i c a t i o n  
e l a s t i c i t y  of t h e  pipe w a l l s .  Conduit Dynamics inc ludes  f l u i d  s t u d i e s  
which a r e  a s soc ia t ed  wi th  t h e  t w o  a r e a s  known a s  "water hammer" and 
I I  surge". 
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The complete d e s c r i p t i o n  of a f l u i d  l i n e  i n  which t h e  e f f e c t s  of 
compress ib i l i t y ,  f l u i d  i n e r t i a ,  v i s c o s i t y  and hea t  t r a n s f e r  are important 
involves  the  simultaneous so lu t ion  of t h e  fol lowing equat ions:  
1) Equations of Motion (Navier-Stokes equat ions)  
2) Cont inui ty  equat ion  
3) Energy equat ion  
4) Equation of s t a t e  of f l u i d  
5) Dynamical equat ion  of motion of tube  o r  condui t  
Also,  a p p l i c a t i o n  of t h e  boundary and i n i t i a l  cond i t ions  i s  necessary 
i n  order  t h a t  answers may be a r r ived  a t  f o r  p a r t i c u l a r  c a s e s  of 
i n t e r e s t .  An exact d e s c r i p t i o n ,  i .e. an  exact  s o l u t i o n  of t h e  govern- 
i n g  equat ions ,  is  n e a r l y  impossible. However, by means of va r ious  
s impl i fy ing  assumptions, it is poss ib le  t o  arr ive a t  s o l u t i o n s  which 
y i e l d  r a t h e r  good q u a n t i t a t i v e  desc r ip t ions  of t h e  system being 
analyzed. I n  many cases  these  s implifying assumptions a r e  ques t ionable .  
By means of t h e  d i scuss ions  which fol low,  an  e f f o r t  w i l l  be  made t o  
p re sen t ,  i n  an  organized manner, t h e  work which has been accomplished 
by previous  i n v e s t i g a t o r s .  Lndicat ions w i l l  be made, where p o s s i b l e ,  
of t h e  a p p l i c a t i o n  and l i m i t a t i o n  of t h e  ideas .  
2.2 Lumped and D i s t r i b u t e d  Systems 
The phys ica l  p r o p e r t i e s  of a l l  r e a l  systems a r  d i s t r i b u t e d  wi th  
r e spec t  t o  t i m e  and space. The ex ten t  or  in f luence  of t h i s  d i s t r i b u t i v e  
e f f e c t  v a r i e s  g r e a t l y ,  depending on t h e  p a r t i c u l a r  system being s tudied .  
For t h e  case  of t h e  f l u i d  systems which w i l l  concern us ,  t h i s  d i s t r i -  
bu t ive  e f f e c t  may or  may not  need be considered. 
phys i ca l  sys t ems  which are descr ibed by r e l a t i o n s  involv ing  d i s t r i b u t e d  
I n  genera l ,  those 
parameters  a r e  c a l l e d  d i s t r i b u t e d  parameter systems. The dynamical 
equat ions  f o r  d i s t r i b u t e d  systems a r e  gene ra l ly  p a r t i a l  d i f f e r e n t i a l  
equat ions.  Those systems which do not  involve d i s t r i b u t e d  parameters 
a r e  c a l l e d  lumped parameter systems. The dynamical equat ions f o r  
lumped systems a r e  gene ra l ly  ordinary d i f f e r e n t i a l  equat ions.  I f  
we t ake  a d i s t r i b u t e d  parameter system, average t h e  e f f e c t  of t h e  
d i s t r i b u t e d  parameter(s) ,  and concentrate  t h i s  average a t  some 
poin t  then we say t h a t  we have "lumped" t h e  system. 
of approximating a d i s t r i b u t e d  s y s t e m  by a lumped system or systems 
depends upon t h e  opera t ing  condi t ions of t he  system and a l s o  upon 
t h e  manner i n  which the  lumping is performed. 
The v a l i d i t y  
The d i s t r i b u t e d  e f f e c t s  of f l u i d  systems which w i l l  concern us  
a r e  those  due t o  compress ib i l i ty ,  i n e r t i a  and r e s i s t a n c e .  I n  t h e  
l i t e r a t u r e ,  those  s t u d i e s  which involve compress ib i l i t y  and i n e r t i a  
a r e  c a l l e d  "water hammer s tudies"  while  those  involving mainly i n e r t i a  
e f f e c t s  a r e  c a l l e d  "surge s tudies ."  
2 . 3  Linear  D i s t r ibu ted  Models - N o  Conduit Wall E f f e c t s  
For the  purposes of t h i s  d i scuss ion ,  consider  a f l u i d  condui t  
system t o  be descr ibable  i n  terms of a c y l i n d r i c a l  coord ina te  system 
a s  shown i n  Figure 2.1. Unless otherwise ind ica t ed  we w i l l  assume 
laminar,  axi-symmetric flow. Also, f o r  b r e v i t y ,  we  w i l l  use  vec tor  
n o t a t i o n  where app l i cab le  (a summary of vec tor  n o t a t i o n  was given 
i n  In t e r im  Report No. 64-1 or see r e fe rence  1). 
As i nd ica t ed  i n  the  in t roduct ion ,  a complete d e s c r i p t i o n  of t h e  
system involves  so lv ing  the  following equat ions.  
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A) The Navier-Stokes Equations [2, 3 ] *  
Assuming a f l u i d  of constant  v i s c o s i t y ,  we may w r i t e  
B) The Cont inui ty  Equation 
C) The Energy Equation 
Assuming t h e  f l u i d  t o  have cons tan t  s p e c i f i c  hea t  and v i s c o s i t y  
w e  have 
where p, i s  t h e  d i s s i p a t i o n  func t ion  2 and 4 i s  the  vec to r  hea t  
f low r a t e .  
[I 
D) Equation of S t a t e  of F lu id  
The equat ion of s t a t e  of a f l u i d  i s  t h e  f u n c t i o n a l  r e l a t i o n s h i p  
between i t s  pressure ,  dens i ty  and temperature  (i.e. i t s  s t a t e  v a r i a b l e s ) .  
For a l i q u i d  it i s  given by 
dp=# 
f) 
( 2 . 4 )  
w h e r e x  i s  t h e  bulk modulus of e l a s t i c i t y  of t h e  f l u i d .  
I n  t h i s  chapter  w e  w i l l  be  mainly concerned wi th  those  condui t  
models which are  desc r ibab le  i n  terms of f i r s t - o r d e r  o r  l i n e a r i z e d  
governing equat ions.  When t h i s  i s  done t h e  nonl inear  convect ive 
i n e r t i a  terms which appear i n  the  s u b s t a n t i a l  d e r i v a t i v e  D/D are  
removed. Also,  where p appears  a lone  it is rep laced  by an  average 
t 
*Brackets denote r e fe rences  a t  end of r e p o r t .  
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d e n s i t y  po . 
i s  otherwise spec i f i ed .  Under these s t i p u l a t i o n s  t h e  governing 
We w i l l  a lso neglect  temperature  e f f e c t s  un le s s  it 
r e l a t i o n s  become, 
f o r  t h e  f i r s t - o r d e r  equat ion  of motion, 
f o r  t h e  c o n t i n u i t y  equat ion ,  and 
- 
f o r  t h e  l i q u i d  equat ion  of s ta te .  The q u a n t i t i e s  v and p now 
rep resen t  small p e r t u r b a t i o n s  from some s t eady  condi t ion .  We must 
a l s o  res t r ic t  ourse lves  t o  pe r tu rba t ions  about a mean or  n e t  v e l o c i t y ,  
vo << co. These r e s t r i c t i o n s  are  important t o  remember. I n  Sec t ion  
2.7 w e  w i l l  d i s cuss  b r i e f l y  t h e  e f f e c t  of v i o l a t i o n  of t h e s e  assumptions.  
F igure  2 . 1  Coordinate System 
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D - -  
I) 
F r i c t i o n l e s s  Model 
The s t a r t i n g  po in t  f o r  s tud ie s  of condui t  dynamics i s  t h e  
one-dimensional wave equat ion which was f i r s t  der ived  by d’Alembert 
i n  about 1750 i n  connect ion with h i s  s t u d i e s  of v i b r a t i n g  s t r i n g s .  
Joukowsky p] and A l l i e v i  5 a r e  gene ra l ly  c r e d i t e d  as f i r s t  
a s s o c i a t i n g  wave phenomena wi th  water hammer problems i n  order  
[I 
t h a t  s t u d i e s  of t h e  wave equat ion could be used i n  expla in ing  
p res su re  t r a n s i e n t s  i n  condui ts .  The wave equat ion  f o r  a 
compressible  l i q u i d  i s  de r ivab le  from Equat ions (2.5),  (2.6), 
and (2.7) i f  one assumes t h a t  the v iscous  e f f e c t s  a r e  n e g l i g i b l e .  
The r e s u l t  i s  
where co i s  the  i s e n t r o p i c  speed of sound 
given,  f o r  a f l u i d ,  by 
i n  t h e  f l u i d  and i s  
v r e p r e s e n t s  t h e  f l u i d  dis turbance v e l o c i t y  i n  t h e  d i r e c t i o n  of 
propagation. So lu t ions  t o  Equation (2.8) p r e d i c t  s i n u s o i d a l  
p re s su re  and v e l o c i t y  dis turbances propagat ing una t tenuated  wi th  
r e s p e c t  t o  space and t i m e  wi th  a v e l o c i t y  co. I f  Equation (2.8) 
i s  solved f o r  t h e  case  of a suddenly c losed  valve on one end of 
a l i n e  wi th  a cons tan t  p re s su re  r e se rvo i r  a t  t h e  o ther  end, F igure  







(a)  Conduit with Suddenly Closed Valve a t  One End, Reservoir Other End 
P 
(b) Square Wave Pressure Variation a t  Suddenly Closed Valve 
P 
4 I 
Z-0  Z = L  
(c) Pressure History of Waves i n  Conduit for One Half Period 
Figure 2 . 2  Suddenly Closed Valve - C l a s s i c a l  Water Hammer Problem 
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where vo i s  t h e  i n i t i a l  mean v e l o c i t y  i n  t h e  p ipe  before  flow 
stoppage. Equation (2.10) i s  the mathematical  express ion  f o r  a 
square  wave wi th  per iod  (4L/c0) ,  see Figure  2.2b. 
t h e  phys ica l  cha in  of events  which r e s u l t  i n  t h i s  p re s su re  square 
wave. A t  t h e  i n s t a n t  of va lve  c losure  t h e  f l u i d  a t  z = L i s  
i n s t a n t l y  stopped and t h e  k i n e t i c  energy of t h e  f l u i d  i s  converted 
ins tan taneous ly  (no f r i c t i o n )  t o  p o t e n t i a l  energy (p res su re ) .  This  
p o s i t i v e  pressure  wave propagates toward z = 0 wi th  v e l o c i t y  co 
and r e f l e c t s  back t o  z = L with ze ro  p re s su re ,  s e e  F igure  2 . 2 ~ .  
The p res su re  wave then  becomes negat ive and propagates  aga in  t o  
z = 0 where i t  r e f l e c t s  wi th  zero p re s su re  back aga in  t o  z = L, 
thus  completing one cyc le  of t h e  p re s su re  wave. 
It i s  evident  from t h i s  d i scuss ion  t h a t  t h e  condui t  of Figure 
2.2 has  a c h a r a c t e r i s t i c  ”natural”  frequency of o s c i l l a t i o n  f c  = co/4L. 
A c r i t i c a l  a n a l y s i s  of Equation (2.10), however, shows t h a t  t h i s  
p a r t i c u l a r  d i s turbance  a c t u a l l y  c o n s i s t s  of an i n f i n i t e  number of 
d i s c r e t e  c h a r a c t e r i s t i c  f requencies  f c  = co(2n-1)/4L. I n  genera l ,  
w e  may say t h a t  a conduit  w i l l  have an  i n f i n i t e  number of c h a r a c t e r i s t i c  
f requencies ,  whose va lues  depend not  only upon co and L but  a l s o  
upon t h e  end cond i t ions  f o r  t h e  condui t .  When w e  e x c i t e  t h i s  system 
wi th  some form of t i m e  v a r i a n t  non-sinusoidal  d i s turbance ,  t h e  system 
response w i l l  be t h e  sum of t h e  response of each c h a r a c t e r i s t i c  
frequency. The ex ten t  t o  which a given c h a r a c t e r i s t i c  frequency 
w i l l  be “exci ted“ depends on t h e  type  of d i s turbance .  
t h e  “sharper”  t h e  d is turbance ,  t h e  g r e a t e r  w i l l  be t h e  ex ten t  t o  
which t h e  high frequency terms a re  exc i t ed .  It is  important t o  
Now examine 
I n  gene ra l ,  
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r e a l i z e  t h a t  t h e  above r e s u l t s  a re  very  idea l i zed  and include n e i t h e r  
t h e  e f f e c t s  of f r i c t i o n  or of p i p e  w a l l  e l a s t i c i t y  ( these  t o p i c s  
w i l l  be discussed l a t e r  on). The r e s u l t s ,  however, i n d i c a t e  t h e  
upper l i m i t  of amplitude f o r  a given dis turbance.  Extensive 
t rea tments  of t h e  a p p l i c a t i o n  of t h i s  simple theory  t o  p r a c t i c a l  
problems may be found i n  re ferences  [6, 7,  241. These a p p l i c a t i o n s ,  
i n  genera l ,  involve a g raph ica l  o r  numerical so lu t ion  of t h e  wave 
equat ion.  
F r i c t i o n  E f f e c t s  
When r e sea rche r s  [e.g., 12 performed experiments on models 1 
demonstrating water hammer they found cons iderable  discrepancy 
between t h e  simple plane wave theory and a c t u a l  r e s u l t s .  They 
found t h a t  when sudden flow changes w e r e  e f f e c t e d ,  t h e  r e s u l t i n g  
p res su re  t r a n s i e n t s  changed shape wi th  time s imi l a r  t o  the  diagram 
i n  Figure 2.3.  
P 
Figure 2 . 3  Actual Pressure  VS. Time P l o t  f o r  Suddenly Closed Valve 
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W e  see t h a t  i n  t h e  a c t u a l  case,  t he  sharp corners  of t h e  p re s su re  
rounded o f f "  and t h e  amplitude i s  decaying wi th  I I  trace are being 
t i m e .  This  phenomena r e s u l t s  from d i s p e r s i v e  and d i s s i p a t i v e  
e f f e c t s  which a re  a consequence of v i s c o s i t y ,  p ipe  w a l l  e f f e c t s ,  
etc. I n  genera l ,  t hey  r e s u l t  from f r i c t i o n  e f f e c t s .  It is  i n t e r e s t i n g  
t o  no te  t h a t  t h e  g r e a t e s t  d i spers ion  and d i s s i p a t i o n  occurs  on t h e  
h igh  frequency terms which a r e  those terms re spons ib l e  f o r  t h e  
sharp  co rne r s  of t h e  p re s su re  t r ace .  To account f o r  a l l  d i s p e r s i v e  
and d i s s i p a t i v e  e f f e c t s  would r equ i r e  an exac t  s o l u t i o n  of t h e  
governing equat ions .  However, p a s t  r e s e a r c h e r s  have obta ined  u s e f u l  
r e s u l t s  by means of approximate so lu t ions .  
P lane  Wave Viscous Model --
It was demonstrated by Stokes t h a t  p lane  o r  unbounded waves 
do not  s a t i s f y  t h e  s imple one-dimensional wave equat ion ,  but  r a t h e r  
due t o  v i s c o s i t y  must s a t i s f y  
(2.11) 
Equation (2.11) may be obtained from Equations (2.51, (2.61, and 
(2.7)  by assuming one-dimensional e f f e c t s  only.  So lu t ions  t o  Equation 
(2.11) may be represented  by 
(2.12) 
where p is a complex cons tan t  c a l l e d  t h e  propagat ion cons tan t  
or  propagat ion f a c t o r  and i s  given, i n  gene ra l  by 
r = R + x .  
(2 .13 )  
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* r z  The q u a n t i t y  PI. 
r e p r e s e n t s  t h e  s p a t i a l  decay or  a t t e n u a t i o n  of t h e  wave. 
i s  t h e  s p a t i a l  a t t e n u a t i o n  f a c t o r  s i n c e  t h e  t e r m  e 
The q u a n t i t y  
is  c a l l e d  t h e  phase v e l o c i t y  and i s  t h e  a c t u a l  v e l o c i t y  of pro- w'fc 
pagat ion  of t h e  d is turbance .  I n  gene ra l ,  t he  phase v e l o c i t y  does not 
equal  co.  The va lue  of p f o r  t h e  s o l u t i o n  given i n  Equation (2.9) 
i s  
w r e p r e s e n t s  t h e  angular  frequency of t h e  d is turbance .  
(2.14) 
So lu t ions  t o  Equation (2.11) have been obta ined  by some re sea rcne r s  
[8] i n  an e f f o r t  t o  account f o r  d i spe r s ion  and d i s s i p a t i o n  e f f e c t s  
i n  water hammer. These so lu t ions ,  however , g r e a t l y  underest imate  
t h e  v iscous  e f f e c t  because Equation (2.11) accounts  f o r  shear  on ly  
i n  t h e  d i r e c t i o n  of propagat ion ( t h e  z d i r e c t i o n ) .  Much g r e a t e r  
v i scous  e f f e c t s  a r e  a c t i n g  i n  the r a d i a l  d i r e c t i o n  due t o  t h e  f a c t  
t h a t  t he  f l u i d  v e l o c i t y  must go t o  ze ro  a t  t he  p ipe  wal l .  W e  must 
conclude then  t h a t  s o l u t i o n s  t o  Equation (2.11) w i l l  not  adequate ly  
desc r ibe  t h e  v iscous  e f f e c t s  i n  condui t  dynamics. 
Linear  Res is tance  Model 
The approach t h a t  a g r e a t  number of r e s e a r c h e r s  6, 7, 9 ,  10, 11, II 
12, 13, 14 have used i s  t o  modify Equation (2.5) by s u b s t i t u t i n g  i n  
p l ace  of t h e  v i s c o s i t y  dependent terms a f r i c t i o n  t e r m  which i s  pro- 
1 
p o r t i o n a l  t o  t h e  v e l o c i t y .  The r e s u l t i n g  equat ion  of motion i s  
(2.15) 
R, 
flow r e s i s t a n c e  va lue ,  or 
is  a r e s i s t a n c e  or f r i c t i o n  c o e f f i c i e n t  o f t e n  given by the  laminar 
(2.16) 
ro being t h e  p ipe  r ad ius .  When Equation (2.15) is  solved simultane- 
ous ly  wi th  t h e  c o n t i n u i t y  equat ion and t h e  equat ion of s t a t e ,  we 
ob ta in  t h e  same s o l u t i o n  a s  i n  Equation (2.12) except r now has  t h e  
va lue  
(2.17) 
If t h e  s o l u t i o n  t o  Equation (2.15) i s  obtained f o r  t h e  case  of 
a suddenly c losed  va lve ,  t h e  pressure  versus  t i m e  p l o t  a t  t h e  va lve  
w i l l  look s i m i l a r  to Figure 2.4. 
t-- 
Figure 2 .4  Pressure  fo r  Suddenly Closed Valve from Linear F r i c t i o n  Model 
Although t h i s  l i n e a r  f r i c t i o n  model does not  g ive  t h e  exac t  answer, 
e s p e c i a l l y  over a wide frequency range,  it has good u t i l i t y  when 
experimental  va lues  of R, 
range i s  l imi ted .  
may b e  determined and when the  frequency 
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Two-Dimensional Viscous Model-Longitudinal Mode Only 
A model r epor t ed  i n  t h e  l i t e r a t u r e  which more e x a c t l y  
desc r ibes  t h e  f i r s t - o r d e r  viscous e f f e c t s  f o r  t h e  long i tud ina l  mode 
of v i b r a t i o n  only i s  a r e s u l t  of the  s o l u t i o n  of t h e  fol lowing reduced 
form of t h e  equat ion  of motion 





and where J1(Sro) and Jo(<ro) a r e ,  r e s p e c t i v e l y ,  t h e  f i r s t  and 
ze ro th  order  Bessel func t ions  [EJ] of t h e  argument cro. Brown [17] 
has obta ined  t h e  p re s su re  h i s t o r y  f o r  t h e  case  of a suddenly c losed  
va lve  us ing  t h e  s o l u t i o n  t o  Equation (2.18).  H i s  r e s u l t s  have much 
t h e  same gene ra l  shape as t h a t  of t h e  experimental  r e s u l t s  of o the r  
au tho r s ,  but  t h e  r e s u l t s  are  inconclusive s i n c e  no suppor t ing  exper i -  
mental  r e s u l t s  w e r e  included wi th  t h e  t h e o r e t i c a l  p red ic t ions .  We 
can conclude, however, t h a t  Equation (2.18)  i s  a b e t t e r  r e p r e s e n t a t i o n  
of t h e  t r u e  phys ica l  s i t u a t i o n  than t h e  models p rev ious ly  discussed.  
From t h e  s tandpoin t  of frequency response c h r a c t e r i s t i c s  a s  r epor t ed  
by Oldenberger and Goodson [lo], t h i s  theory  fo l lows  ve ry  c l o s e l y  
t h e  experimental  r e s u l t s .  Brown [17] and two o the r  au tho r s  15, 16 
have solved Equation (2.18) for a f l u i d  i n  which t h e  hea t  t r a n s f e r  
[ I  
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may not  be neglected,  t hus  it  m u s t  be  solved s imultaneously wi th  t h e  
energy, c o n t i n u i t y  and s t a t e  equations.  Th i s  r e s u l t s  i n  a propagation 




and a, i s  t h e  P r a n d t l  number [2] and y i s  t h e  r a t i o  of s p e c i f i c  
h e a t s  f o r  t h e  f l u i d .  Th i s  model has  not  been exper imenta l ly  v e r i f i e d  
by r e sea rche r s  so its v a l i d i t y  mus t  be regarded,  a t  t h i s  t i m e ,  a s  
undetermined. 
Exact Linear  Model -
A model based on t h e  exac t  so lu t ion  of Equations (2.5), (2.6), 
and (2.7) was presented  i n  Inter im Report No. 64-1. 
d i c t s  an  i n f i n i t e  number of d i s c r e t e  modes of propagat ion i n s t e a d  
of only one mode as t h e  previously d iscussed  models p r e d i c t .  I n  a 
given s i t u a t i o n ,  t h e  fundamental or l ong i tud ina l  mode usua l ly  pre-  
dominates bu t  t h e r e  may be some circumstances under which neg lec t ing  
t h e  higher  modes l eads  t o  e r r o r s  i n  t h e  a n a l y s i s .  
model needs t o  be v e r i f i e d  experimental ly  be fo re  any d e f i n i t e  con- 
c lus ions  can be reached. It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  z e r o t h  
mode propagat ion f a c t o r  f o r  t h i s  model co inc ides  wi th  t h a t  g iven  by 
Equation (2.19) f o r  t h e  simpler model which has  been proven exper i -  
mental ly  t o  g ive  good r e s u l t s  i n  p red ic t ing  t h e  frequency response 
f o r  t h i s  mode. 
Th i s  model pre-  
Th i s  more e l a b o r a t e  
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Discussions of a n a l y t i c a l  and experimental  i n v e s t i g a t i o n s  of t h e  
higher  modes of propagat ion i n  connection wi th  i n v i s c i d  flow or  wave 
propagat ion a r e  ex tens ive  throughout t h e  a c o u s t i c s  l i t e r a t u r e  [27, 28, 
29, etc.]. To t h e  b e s t  knowledge of t h e  w r i t e r ,  however, an  exac t  
t rea tment  of t hese  higher  modes wi th  r e s p e c t  t o  v iscous  propagat ion 
is  nonexis ten t  i n  t h e  l i t e r a t u r e  except  f o r  t h e  p re sen ta t ion  i n  
I n t e r i m  Report NO. 64-1. 
2.4 F l u i d  Transmission Line Concept - Transfer  Equations 
So f a r  we  have been d iscuss ing  only  t i m e  domain s o l u t i o n s  t o  
our equat ions.  If we w e r e  t o  begin t h e  exact  s tudy of a f l u i d  
system i n  which s e v e r a l  components w e r e  involved, then  t h e  t i m e  
domain approach would be exceedingly d i f f i c u l t  and w e  would probably 
g e t  completely l o s t  i n  t he  mathematics. 
when dea l ing  wi th  t h e  frequency a n a l y s i s  of f l u i d  condui t s  (or any 
f l u i d  component) i s  t h a t  of t h e  f l u i d  t ransmiss ion  l i n e  [7, 10, 201. 
Consider t h e  f l u i d  l i n e  t o  be r ep resen tab le  a s  shown i n  F igure  2.5 
as a four - te rmina l  system. I f  we so lve  t h e  system equat ions  f o r  
A u s e f u l  and simple approach 
Figure  2 . 5  Four-Terminal Representat ion of F l u i d  Conduit 
our condui t  i n  t he  Laplace transform domain then  we o b t a i n  a r a t h e r  





I n  Equat ions (2.23) and (2.24) V , ( s ) ,  V , ( s ) ,  P , ( s )  and P,(s) r ep resen t  
t h e  Laplace t ransform of t h e  r e spec t ive  t i m e  func t ions  and s i s  







Z i s  c a l l e d  t h e  c h a r a c t e r i s t i c  impedance of t h e  condui t .  The r 
which appears  i n  Equat ions (2.23), (2.24) and (2.26) i s  i d e n t i c a l  
wi th  previous r k  except t h a t  here i w  = s ,  t h e  Laplace v a r i a b l e .  
The va lue  of r,  of course,  depends upon t h e  model. It i s  important 
t o  no te  t h a t  t h i s  form of the  t r a n s f e r  equat ions  i s  t h e  same f o r  a l l  
of t h e  prev ious  models d i scussed)  only  t h e  va lue  of p varies. The 
t r a n s f e r  equat ions  f o r  t h e  four- terminal  r e p r e s e n t a t i o n  of F igure  2.5 
w i l l  change, i n  gene ra l ,  when there  i s  motion of t h e  p ipe  w a l l  and 
when w e  inc lude  t h e  higher  modes of propagat ion.  
t h e  f l u i d  v e l o c i t i e s  r ep resen ted  here  a r e  average va lues ,  t h a t  i s  
they  have been i n t e g r a t e d  over the c r o s s - s e c t i o n ;  thus  they  a r e  only 
dependent on t i m e  and t h e  a x i a l  coordinate .  
C 
Note a l s o  t h a t  
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The u t i l i t y  of v a l i d  t r a n s f e r  equat ions  i n  t h e  frequency a n a l y s i s  
of a condui t  system cannot be over emphasized. I f  four - te rmina l  t r a n s -  
f e r  equat ions  can be w r i t t e n  f o r  each element of a f l u i d  system, then  
the  t o t a l  system performance may be analyzed by combining t h e  equat ions  
i n t o  a new set of t r a n s f e r  equat ions which r ep resen t  t h e  e n t i r e  system. 
Suppose, f o r  example, t h a t  we have two components of a f l u i d  system 
arranged i n  s e r i e s  as  shown i n  Figure 2.6. 
F igure  2.6 S e r i e s  Arrangement of Two-Fluid Components 
Suppose t h a t  t he  t r a n s f e r  equat ions f o r  element 1 may be expressed 
i n  t h e  form 
and 
























I n  a similar manner we may w r i t e  f o r  element 2 ,  
S u b s t i t u t i o n  of (2.29) i n t o  (2.30) y i e l d s  
(2.30) 
(2.31) 
o r ,  by mat r ix  m u l t i p l i c a t i o n  
W e  might f o r  convenience write 
(2 .33)  
so t h a t ,  e f f e c t i v e l y  w e  have combined elements 1 and 2 i n t o  a new 
element 3.  We may rep resen t  t h e  new element a s  shown i n  F igure  2 .7 .  
Figure 2 . 7  Combined S e r i e s  Elements 
Methods s imi l a r  t o  t h i s  have been employed t o  g r e a t  advantage i n  
the  a n a l y s i s  of no i se  t ransmission i n  complex f l u i d  systems which 
involve s e r i e s  and p a r a l l e l  elements [22]. The mat r ix  theory  f o r  
four - te rmina l  elements has  been worked out by P ipes  
types of arrangements of t h e  elements. 
23 f o r  va r ious  t l  
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I n  gene ra l ,  t h e  mat r ix  method approach i s  i d e a l l y  s u i t e d  t o  
frequency a n a l y s i s  s t u d i e s  of a condui t  system. It a l lows  very  complex 
systems t o  be analyzed e a s i l y  with a d i g i t a l  computer. 
2 . 5  Lumped Models 
Up t o  now w e  have been d iscuss ing  d i s t r i b u t e d  parameter models 
of condui t  systems. We found such models t o  be expres s ib l e  i n  terms 
of t r a n s f e r  r e l a t i o n s  which lend themselves w e l l  t o  frequency ana lys i s .  
I n  gene ra l ,  t hese  d i s t r i b u t e d  models a r e  d i f f i c u l t  t o  dea l  wi th  i n  the  
time domain. Th i s  i s  a major handicap f o r  many t e c h n i c a l l y  i n t e r e s t i n g  
problems such a s  problems involving condui t  systems which con ta in  
va lves  c l o s i n g  o r  opening a r b i t r a r i l y  wi th  t i m e .  
t h i s  w e  may want only t h e  t i m e  response of t h e  system. I n  terms of 
t h e  d i s t r i b u t e d  parameter models, t h i s  means t h a t  t he  t r a n s f e r  r e l a t i o n s  
f o r  t h e  system of i n t e r e s t  must be transformed from t h e  Laplace domain 
back i n t o  the  t i m e  domain, or  t h a t  some numerical  or g raph ica l  pro- 
cedure must be used t o  solve the system desc r ib ing  equat ions .  The 
t ransformat ion  of t h e  t r a n s f e r  r e l a t i o n s  i s  very  formidable;  on the  
o the r  hand, t h e  g raph ica l  or numerical procedures a r e  r a t h e r  simple 
ways t o  analyze a system but lack the  degree of g e n e r a l i t y  usua l ly  
des i r ed  i n  system a n a l y s i s .  Due t o  these  drawbacks i n  t h e  a p p l i c a t i o n  
of t h e  d i s t r i b u t e d  parameter models, lumped parameter approximations 
a r e  o f t e n  used i n  condui t  system a n a l y s i s .  These models a l s o  have 
drawbacks which much be kept i n  mind. The major r e s t r i c t i o n  which 
must be imposed on t h e  lumped model of a d i s t r i b u t e d  system i s  t h a t  
it i s  v a l i d  only a t  low frequency. The method has  been found t o  be 
v a l i d ,  i n  most i n s t ances ,  only i f  t h e  f requencies  involved a r e  not  





















g r e a t e r  than  about one-eighth of t h e  f i r s t  c r i t i c a l  frequency of t h e  
lumped element. The except ion  to  t h i s  r e s t r i c t i o n  would be a system 
which has  s u f f i c i e n t  damping so t h a t  compress ib i l i t y  may be neglected.  
Now examine some t y p i c a l  ways i n  which condui t  systems a r e  lumped; 
f i r s t ,  w e  need t o  consider  t h e  bas ic  lumped elements,  i .e. ,  i ne r t ance ,  
capac i tance  and r e s i s t a n c e  [7, 20, 251. 
F l u i d  Ine r t ance  
Consider t h e  f l u i d  l i n e  shown i n  F igure  2.8.  We w i l l  assume t h a t  
only t h e  p re s su re  and i n e r t i a  forces  a r e  important and t h a t  compressi- 
b i l i t y  may be neglected.  
*% 
V Z  
z= L 
Lumped Model Ine r t ance  Element F igure  2.8 
Writ ing t h e  equat ion  of motion for t h i s  ca se  g ives  
(2.34a) 
where vl = v2 = v s i n c e  t h e  flow i s  incompressible.  The q u a n t i t y  
poL r e p r e s e n t s  a f l u i d  iner tance.  Before proceeding, i t  should be 
noted t h a t  Equation (2.34a) is of ten  found i n  va r ious  o ther  forms 
i n  t h e  l i t e r a t u r e .  It may be found a l s o  a s  
(2.34b) 
where q is t h e  flow r a t e  and A i s  the  c r o s s - s e c t i o n a l  a r ea .  For 
t h i s  ca se  t h e  f l u i d  ine r t ance  i s  
(2.34a) i s  
poL/A. Another form of Equation 
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(2.34c) 
where w i s  the  weight flow r a t e .  Notice  t h a t  t h e  ine r t ance ,  I ,  i s  
not t h e  same i n  each case.  Notice a l s o  t h a t  t hese  equat ions a r e  v a l i d  
only  f o r  cons tan t  a r ea  l i n e s .  
F l u i d  Capacitance 
,. 
Now consider  a f l u i d  line i n  which only compress ib i l i t y  e f f e c t s  
a r e  important,  i .e.,  i n e r t i a  or i ne r t ance  e f f e c t s  and r e s i s t a n c e  
e f f e c t s  a r e  unimportant. With respec t  t o  Figure 2.9,  applying t h e  
Figure 2.9 Lumped Model Capacitance Element 
c o n t i n u i t y  and s t a t e  equat ions we have, s i n c e  p1 = pa = p 
Again, a s  was t r u e  f o r  Equation (2.34) we could have j u s t  a s  we l l  
have w r i t t e n  Equation (2.35) i n  terms of 0 or W ,  but  t he  va lue  
of C would a l s o  have been d i f f e r e n t ,  t hus  
and a l s o  
(2.35a) 
(2.35b) 
( 2 . 3 5 ~ )  
F l u i d  Res is tance  
Because of t he  l a r g e  number of parameters which may e f f e c t  t he  
f l u i d  r e s i s t a n c e ,  it becomes more d i f f i c u l t  i n  t h i s  case  t o  w r i t e  
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a v a l i d  t h e o r e t i c a l  r e l a t i o n s h i p  which holds  f o r  a wide range of flow 
and pressure  v a r i a t i o n s .  The usual approach, t h e r e f o r e ,  i s  t o  t r e a t  
f l u i d  r e s i s t a n c e  semi-empirically by de f in ing  t h e  p re s su re  drop due 
t o  r e s i s t a n c e  between po in t s  1 and 2 of a lumped r e s i s t i v e  element a s  
(2.36) 
Figure 2.10 Lumped Model R e s i s t i v e  Element 
where v1 = va = v and R(v) i s  an experimental ly  determined func t ion  
of ve loc i ty .  Of course i f  t h e  pressure and v e l o c i t y  a r e  s teady ,  then 
R(v) i s  w e l l  known from information contained i n  s tandard f l u i d  
mechanics textbooks.  For the  case of o s c i l l a t i n g  flow only (no 
ne t  f low),  we  can ge t  a good value f o r  t h e  r e s i s t a n c e  c o e f f i c i e n t  
by cons ider ing  a low frequency approximation of t h e  two-dimensional 
v i scous  d i s t r i b u t e d  parameter model. Th i s  w i l l  be  shown l a t e r  i n  
t h i s  s ec t ion .  
Fundamental Lumped Model 
I f  we  now combine our t h r e e  bas ic  elements t oge the r ,  we have the  
fundamental r ep resen ta t ion  of a lumped l i n e .  I f  w e  combine Equations 
(2.34a) and (2.36) and consider  a l so  Equation (2.35a), then  we may 
Figure 2 . 1 1  Fundamental Representat ion of Lumped Line 
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w r i t e  f o r  t h e  fundamental r ep resen ta t ion  
I 
and 
Now t a k e  t h e  Laplace t ransformation of ( 2 . 3 7 )  and ( 2 . 3 8 ) ,  thus  
?,LS)- =  SI^ V z l ~ )  + R(u) -C72e> 
and 
( 2 . 3 7 )  
( 2 . 3 8 )  
(2 .39 )  
( 2 . 4 0 )  
Writ ing t h e s e  l a s t  two equat ions  i n  our s tandard  t r a n s f e r  form g ives ,  
and 
( 2 . 4 2 )  
I n  Chapter V I  w e  w i l l  f u r t h e r  d i scuss  t h e s e  l a s t  two r e l a t i o n s  with 
r e f e r e n c e  t o  t h e  exac t  or d i s t r i b u t e d  parameter models. 
There are many p o s s i b l e  ways of r ep resen t ing  a condui t  wi th  
lumped elements o ther  than  t h e  r ep resen ta t ion  of F igure  2.11. 
Equivalent  Elec  t r  i c a l  C i r c u i t s  
One motivat ion f o r  using lumped models, o ther  than  s i m p l i c i t y ,  
is t h a t  they  r e a d i l y  y i e l d  t o  s imulat ion on an  analog computer. 
Using a pressure-vol tage  analogy t h e  e l e c t r i c a l  equiva len t  of t h e  
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fundamental lumped model becomes t h a t  shown i n  F igure  2.12. The va lues  
Volt  age 
e 
Figure 2.12 E l e c t r i c a l  Analogy f o r  Fundamental Lumped 
Conduit with F r i c t i o n  
Cur r en t  Res i s  t ance Inductance Capaci tance 
i R e  Le C e  
of R e ,  Le and C e  depend upon what i s  made t o  be t h e  analog of e l e c t r i c a l  
cu r ren t .  Table  2.1 shows t h e  analogous q u a n t i t i e s  f o r  t h r e e  p o s s i b l e  
analogs.  Other c i r c u i t s  which a re  o f t e n  used i n  an e f f o r t  t o  improve 
I E l e c t r i c a l  




Q u a n t i t y  
I I I I 
I I I I 
Table 2 . 1  E l e c t r i c a l  Analogs 
t h e  accuracy of r e p r e s e n t a t i o n  a re  shown i n  F igure  2.13. 
Method for Improving Lumped Model 
We s t a t e d  p rev ious ly  t h a t  a lumped model g e n e r a l l y  i s  v a l i d  only  
i f  t h e  f requencies  involved a r e  not g r e a t e r  t han  about one-eighth of 
t h e  f i r s t  c r i t i c a l  frequency of the lumped element.  
ge t  around t h i s  r e s t r i c t i o n  by using s e v e r a l  "lumps" t o  s imula te  a 
condui t .  Suppose, f o r  example, t h a t  t h e  h ighes t  frequency encountered 
We can convenient ly  
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T Representat ion 
n Representat ion 
F igure  2.13 Var ia t ions  of E l e c t r i c a l  Analogs 
i s  about t e n  t i m e s  t o o  h igh  f o r  v a l i d  lumping; then ,  i f  we use t e n  
e l e c t r i c a l l y  equiva len t  c i r c u i t s  i n  series ( a f t e r  reducing R e ,  Le 
and C e  by a f a c t o r  of ten)  we are  a b l e  t o  circumvent t h e  o r i g i n a l  
r e s t r i c t i o n .  F igure  2.14 shows the e l e c t r i c a l  analog f o r  an n- 
segmented lumped model. 






It i s  worth mentioning a t  t h i s  t i m e  t h a t  i f  a condui t  has  enough 
r e s i s t a n c e  then  t h e  high frequency terms are  damped enough t h a t  t h e  
above mentioned r e s t r i c t i o n s  can be r e l axed  t o  some degree.  N o  
q u a n t i t a t i v e  information i s  a v a i l a b l e  a t  t h i s  t i m e  on t h i s  sub jec t .  
2.6 Conduit Wall Effects 
Thus f a r  i n  our developments we have been overlooking t h e  e f f e c t s  
which t h e  condui t  w a l l  may have upon t h e  f l u i d  dynamics. Depending 
upon t h e  opera t ing  parameters of t h e  system being analyzed, account ing 
f o r  t h e  e f f e c t s  of t h e  w a l l  may b e  very  simply achieved o r ,  on t h e  
o the r  hand, may r e q u i r e  an  extensive mathematic t rea tment  i n  order  t o  
g e t  reasonable  answers. For tuna te ly ,  most problems wi th  which w e  
w i l l  be concerned can be handled wi th  t h e  simple t rea tment .  Problems 
demanding a complex a n a l y s i s  u sua l ly  occur only  when dea l ing  wi th  
e x t r  eme l y  h igh  ope ra t ing  frequencies  . 
I 
Simpl i f i ed  Analysis  
Korteweg i n  1878 showed t h a t  wave propagat ion w a s  dependent upon 
both t h e  e l a s t i c i t y  of t h e  f l u i d  and of t h e  condui t  w a l l  and t h a t  t h e  
r e s u l t a n t  propagat ion v e l o c i t y  must be  equal  t o  or less than  co.  It 
has been shown (see f o r  example Reference 7) t h a t  t h e  a c t u a l  sound 
v e l o c i t y  i s  
(2 .43 )  
where Et i s  Young's modulus f o r  t h e  tube  m a t e r i a l  and f is given 
thin-walled tube  
30 
I n  Equation (2.44) Do r ep resen t s  t h e  condui t  ou t s ide  diameter and 
Di r e p r e s e n t s  t he  i n s i d e  diameter. 
s i m p l i f i e d  a n a l y s i s  i s  t h a t  w e  rep lace  co wi th  t h e  c of Equation 
(2.43) i n  our ana lys i s .  
A l l  t h a t  i s  r equ i r ed  i n  t h e  
More Exact Analysis  --
There have been a l a r g e  number of papers  w r i t t e n  p e r t a i n i n g  t o  
t h e  e f f e c t  of condui t  w a l l  e l a s t i c i t y  on t h e  t ransmiss ion  c h a r a c t e r i s t i c s  
of f l u i d  wi th in  t h e  condui t .  Bas i ca l ly ,  condui t s  may be d iv ided  i n t o  
two types  wi th  regard  t o  t h e  e l a s t i c  c h a r a c t e r i s t i c s  of t h e i r  wa l l s ;  
e l a s t i c  f l e x i b l e  and e l a s t i c  s t i f f .  For a condui t  wi th  e l a s t i c  f l e x i b l e  
w a l l s  w e  assume t h a t  p re s su re  v a r i a t i o n s  wi th in  t h e  condui t  can cause 
r a d i a l  deformations which do not cause corresponding a x i a l  d i s tu rbances  
i n  t h e  condui t  w a l l ,  i.e. a l l  d i s turbances  i n  t h e  w a l l  a r e  l o c a l i z e d  
and cannot propagate  a x i a l l y  along t h e  condui t  wal l .  For e l a s t i c  
s t i f f  w a l l s ,  on t h e  o the r  hand, d i s turbances  can propagate  a x i a l l y  
a long t h e  p ipe  w a l l .  Some of the au tho r s  who have made c o n t r i b u t i o n s  
on t h e  e f f e c t s  of condui t  e l a s t i c i t y  a r e  Lamb [26], Jacobi  p7], Morgan 
p 8 ] ,  Lin  and Morgan . None of t h e s e  au tho r s  have 
t r e a t e d  e x a c t l y  a v i scous  f l u i d  i n  t h i s  connection. An exac t  t rea tment  
of both f l e x i b l e  and s t i f f  w a l l s  f o r  a v iscous  f l u i d  w a s  p resented  i n  
I n t e r i m  Report No. 64-1. 
I n  genera l ,  t h e  r e l a t i o n s  expressing t h e  propagat ion v e l o c i t y  
v a r i a t i o n  wi th  frequency have t r ends  a s  shown sketched i n  Figure 2.14. 
Notice t h a t  on ly  one mode t ransmi ts  f o r  a l l  f requencies  f o r  t h e  case  
of an e l a s t i c  f l e x i b l e  w a l l ,  whereas two modes t r ansmi t  a t  a l l  f r equenc ie s  





















f requency i n  both  cases  approaches t h e  same va lue ,  c/c,. 
same va lue  as  p red ic t ed  by t h e  s impl i f i ed  a n a l y s i s  from Equation ( 2 . 4 3 ) .  
We see then  t h a t  t h e  s i m p l i f i e d  a n a l y s i s  i s  exact  f o r  low f requencies  
for t h e  z e r o t h  mode. 
Th i s  i s  t h e  
Nonlinear E f f e c t s  
Thus f a r  i n  our d i scuss ion  w e  have been l imi t ed  t o  problems 
involv ing  s m a l l  pe r tu rba t ions  about some s teady  flow cond i t ion  where 
t h e  s t eady  v e l o c i t y  component i s  much less t han  co.  The reason f o r  
imposing t h e s e  r e s t r i c t i o n s  stems from t h e  f a c t  t h a t  i n  t h e  prev ious  
developments t h e  nonl inear  terms of t h e  equat ions  of motion were 
neglected.  
equat ions  ( for  a cons tan t  v i s c o s i t y  f l u i d )  given by Equation (2.1), or 
Consider aga in  t h e  exact form of t h e  Navier-Stokes 
The d i f f i c u l t  nonl inear  terms a r e  conta ined  i n  the  s u b s t a n t i a l  
d e r i v a t i v e ,  G/Dt. For t h e  v e l o c i t y  component i n  t h e  z d i r e c t i o n ,  
w e  have (assuming axisymmetsic flow),  
There seem t o  be two main condi t ions ,  wi th  r e spec t  t o  problems of 
condui t  dynamics, under which w e  must account t o  some degree f o r  
t h e  nonl inear  terms of t h e  equat ions of motion. These cond i t ions  
a r e :  
1) Case where t h e r e  is a la rge  s t eady  flow component bu t  
small unsteady components. 
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( 2 . 4 5 )  
2) Case where t h e  unsteady terms a r e  l a r g e  and t h e  s teady  flow 
terms may o r  may not  be l a rge .  
W e  w i l l  now d i scuss  each case  i n  more d e t a i l .  
Case 1 
W e  assume i n  t h i s  ca se  t h a t  w e  may write f o r  t h e  v e l o c i t y  
(2.46) 
where v i s  t h e  s teady  flow term, i .e.  independent of t i m e ,  
and v is  t h e  t i m e  v a r i a n t  pe r tu rba t ion  o r  d i s turbance  v e l o c i t y .  
W e  assume a l s o  t h a t  Iv I << lv I. Based upon t h e s e  assumptions 
we  may approximate Equation (2.45) by ( a f t e r  neg lec t ing  t h e  small  
Z O  
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Z l  20 
or  der t e r m s )  
(2.47) 
Since v w i l l  be a known quan t i ty  a s  a r e s u l t  of so lv ing  t h e  s teady-  
s ta te  hydrodynamical equat ions ,  t h i s  means Equation (2.47) i s  l i n e a r ;  
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t hus ,  we  have l i n e a r i z e d  t h e  s u b s t a n t i a l  d e r i v a t i v e  f o r  t h i s  case.  
Regetz 1311 u t i l i z e d  a l i n e a r i z a t i o n  such a s  t h i s  t o  enable  an 
L J  
a n a l y t i c a l  d e s c r i p t i o n  
l i n e s  wi th  a n e t  flow. 
Considerable  work 
of t h e  p r o j e c t  members 
Case 2 -
of the  response c h a r a c t e r i s t i c s  of hydraul ic  
Regetz '  a n a l y t i c a l  work i s  f o r  nonviscous flow. 
has  been done along t h e s e  same l ines  by one 
and i s  repor ted  on i n  Chapter V I .  
I f  t he  unsteady pe r tu rba t ions  are of s u f f i c i e n t l y  l a r g e  magnitude 
then  a l i n e a r i z a t i o n  procedure w i l l  not  work and one has  t o  contend 




g e n e r a l l y  app l i cab le  methods of so lu t ion  are  ava i labe .  I n  many cases  
t h e  method of c h a r a c t e r i s t i c s  [32] may be used i f  we do not  have t o  
contend wi th  v i s c o s i t y .  
2 . 8  Component E f f e c t s  
A d i scuss ion  of f l u i d  condui ts  would be h a r d l y  complete without  
some mention of components commonly a s s o c i a t e d  wi th  them. 
O r  i f  lces 
A t reatment  of t h e  unsteady flow of a l i q u i d  through an o r i f i c e  
i n  a condui t  is due t o  Goodson p3] .  I n  t h i s  method the  desc r ib ing  
p a r t i a l  d i f f e r e n t i a l  equat ions  a r e  reduced by i n t e g r a t i o n  t o  a 
l i n e a r  ord inary  d i f f e r e n t i a l  equat ion i n  t i m e  r e l a t i n g  flow, p re s su re  
drop and a r e a  of t h e  o r i f i c e .  Now fo l low h i s  development. 
W e  w i l l  assume t h e  following cond i t ions  t o  hold: 
(1) The condui t  l ength  i s  much g r e a t e r  than  i t s  diameter so  
t h a t  wave e f f e c t s  a s soc ia t ed  wi th  t h e  o r i f i c e  may be 
neglected.  
(2)  Tube wa l l  e f f e c t s  a r e  n e g l i g i b l e  i n  the  v i c i n i t y  of t h e  
o r i f i c e .  
(3 )  Viscous e f f e c t s  a r e  neg l ig ib l e .  
(4) Densi ty  changes are small. 
I f  w e  average t h e  equat ion  of motion, Equation ( 2 . 1 ) ,  a c r o s s  t h e  
c ros s - sec t ion ,  cons ider ing  t h e  above cond i t ions ,  then  w e  may write 
( 2 . 4 8 )  
I 
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f o r  t h e  one-dimensional equation of motion, and 
(2.49) 
for t h e  c o n t i n u i t y  r e l a t i o n .  Here, q = q ( z , t )  is t h e  flow r a t e ;  
v = vm(z , t )  
and A = A(z , t )  is  t h e  o r i f i c e  a rea .  W e  now d e f i n e  an  e f f e c t i v e  
is  t h e  average a x i a l  v e l o c i t y  over t h e  c ros s - sec t ion ;  
m 
l eng th  A0 of t h e  o r i f i c e ,  a s  shown i n  F igure  2.15, t o  account for  
t h e  e f f e c t  of t h e  o r i f i c e  on the flow p a t t e r n s  i n  t h e  v i c i n i t y  of 
t h e  o r i f i c e .  Goodson has simultaneously i n t e g r a t e d  Equation (2.48) 
and (2.49) from 0 t o  a, which r e s u l t s  i n  a n  o rd ina ry  d i f f e r e n t i a l  
equat ion  r e l a t i n g  flow r a t e  and p res su re  drop i n  terms of a time 
v a r i a n t  a r e a  f o r  t h e  case  of a compressible l i q u i d .  For many purposes 
t h e  c o m p r e s s i b i l i t y  e f f e c t s  may be neglec ted  which much s i m p l i f i e s  
---- 
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Figure  2.16 Flow P a t t e r n s  Near O r i f i c e  
t h e  r e s u l t i n g  d i f f e r e n t i a l  equation t o  
(2.50) 
where q(0) is the  flow r a t e  a t  z = 0 and Ap(t) i s  t h e  p re s su re  








(2 .51 )  
( 2 . 5 2 )  
W e  can express  Equation ( 2 . 5 0 )  i n  a more convenient form by l e t t i n g  
q = qo + q1 where q, is a s teady  flow t e r m  and q1 is t h e  per-  
tu rbed  flow. W e  then  have, assuming q1 i s  small 
( 2 . 5 3 )  
where p = po + p1 and po is  t h e  s teady  pressure  and pI i s  
t h e  per turbed  p res su re .  No experimental  evidence i s  presented  by 
Goodson s p e c i f i c a l l y  v e r i f y i n g  t h i s  o r i f i c e  model. Th i s  model is  
i n t e r e s t i n g  from t h e  s tandpoin t  of accounting f o r  t h e  nonl inear  
c h a r a c t e r i s t i c s  of o r i f i c e s  and a l s o  i n  a l lowing t h e  o r i f i c e  area 
t o  be v a r i a b l e  i n  t i m e .  
Not ice  t h a t ,  i n  view of the  d i scuss ion  of Sec t ion  2 . 5 ,  Equation 
( 2 . 5 3 )  demonstrates t h e  p re s su re  drop t o  be composed of an ine r t ance  
t e r m  p l u s  a r e s i s t i v e  t e r m ;  thus  w e  may rewrite Equation ( 2 . 5 3 )  i n  
t h e  form 
( 2 . 5 4 )  
dt 
I i s  t h e  ine r t ance  f o r  t h e  o r i f i c e  and R(q) i s  t h e  r e s i s t a n c e .  
q 
A cons iderable  amount of experimental  work has  been performed 
by Thurston and Martin 3 4  per t a in ing  t o  o r i f i c e  flow. F igure  2.16 
shows ske tches  t y p i c a l  of t h e i r  r e s u l t s .  Notice  t h e  n o n l i n e a r i t y  of 
[ I  






Figure 2 .17  Ine r t ance  and Res is tance  vs.  Volume Flow f o r  
O s c i l l a t i n g  Flow Through O r i f i c e  
Other Components 
There a r e  many o ther  types  of components commonly a s soc ia t ed  
wi th  condui t s  which may have e f f e c t s  upon t h e  t ransmission cha rac t e r -  
i s t i c s .  Not enough a r t i c l e s  concerning var ious  components have been 
found i n  order  t h a t  q u a n t i t a t i v e  information can be given a t  t h i s  





Discussion of Two-Phase Flow 
This  chapter  w i l l  be  l imi ted  t o  a d i scuss ion  of one component, 
l iqu id-vapor ,  two-phase flow. Th i s  i s  t h e  type of flow which would 
normally be of concern i n  t h e  flow of a cryogenic  f l u i d  through 
condui t s  . 
The amount of m a t e r i a l  published on t h e  sub jec t  of two-phase 
flow has increased  tremendously over t h e  p a s t  decade. According 
t o  Reference [35], over 400 pub l i ca t ions  on two-phase gas - l iqu id  
f low phenomena appeared during t h e  year 1963. These pub l i ca t ions  
do not  inc lude  t h e  s u b j e c t s  of a tomiza t ion ,  c a v i t a t i o n ,  and con- 
densa t ion .  With such a l a rge  number of pub l i ca t ions  appearing 
each year on t h i s  s u b j e c t ,  i t  is d i f f i c u l t  t o  thoroughly review 
all of t h e  ma te r i a l .  Severa l  recent  documents have at tempted t o  
compile a l i s t  of important publ ica t ions  on the  sub jec t  of two- 
phase flow, Reference [ 3 6 ] ,  [37],  [ 3 8 ] ,  [39]. It has been s a i d  
t h a t  it may soon be necessary  t o  have a b ib l iography on two-phase 
flow b ib l iog raph ies .  
Bas i ca l ly ,  t h e  a n a l y t i c a l  t rea tment  of two-phase f low i s  no 
d i f f e r e n t  from t h a t  of s ingle-phase flow. The fundamental concepts  
of conserva t ion  of mass, conservat ion of momentum, and the  f i r s t  
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and second laws of thermodynamics hold f o r  two-phase flow a s  they  do 
f o r  s ingle-phase flow. These bas ic  laws may be expressed i n  d i f f e r e n t i a l  
form leading t o  the  d i f f e r e n t i a l  equat ions  of conserva t ion  of mass, 
conserva t ion  of momentum and conservat ion of energy. 
arises i n  t h e  s o l u t i o n  of these  equat ions  however s i n c e  t h e  d i f f e r e n t i a l  
equat ions  must be w r i t t e n  f o r  each phase and solved s imultaneously.  
The d i f f i c u l t y  i s  i n  a t tempting t o  write the  necessary boundary 
and i n i t i a l  cond i t ions  f o r  these  equat ions .  The complexi t ies  involved 
i n  such an approach have l imited t h e  usefu lness  of t h i s  method. A 
number of s impl i fy ing  assumptions have been put forward i n  t h e  
l i t e r a t u r e  t o  permit some accomplishments i n  p r e d i c t i n g  two-phase 
A d i f f i c u l t y  
flow behavior .  
Perhaps the  most common assumption t h a t  has  been made i s  t h e  
r ecogn i t ion  of d i s t i n c t  f low p a t t e r n s  t h a t  e x i s t  i n  two-phase flow. 
A s tudy  of t hese  ind iv idua l  flow p a t t e r n s  or flow regimes has 
allowed some s i m p l i f i c a t i o n s  t o  be made i n  t h e  a n a l y s i s  of each 
regime. There i s  some disagreement i n  t h e  d e s c r i p t i o n  of t h e  
va r ious  flow regimes. However most a t tempts  a t  desc r ib ing  t h e  
flow p a t t e r n s  begin wi th  d i s t ingu i sh ing  t h e  flow a s  e i t h e r  h o r i z o n t a l  
or  v e r t i c a l .  I n  ho r i zon ta l  flow t h e  flow p a t t e r n s  normally descr ibed  
i n  t h e  l i t e r a t u r e  include spray or m i s t  f low, annular  flow, s l u g  
flow, wavey flow, s t r a t i f i e d  flow, plug flow, and bubble flow. 
(The flow p a t t e r n s  a r e  l i s t e d  i n  order  of decreasing gas  or vapor 
t o  l i q u i d  flow r a t e ) .  I n  v e r t i c a l  flow the  p a t t e r n s  a r e  usua l ly  
descr ibed  a s  m i s t  f law,  spray-annular flow, annular  flow, s l u g ,  




regime maps have been given in  t h e  l i t e r a t u r e  f o r  a p r e d i c t i o n  of 
t he  cond i t ions  under which the v a r i o u s  flow regimes e x i s t .  
of t h e s e  flow regime maps are given i n  Reference 
Severa l  
PI. 
Since t h e  area of s tudy  involved i n  t h i s  c o n t r a c t  inc ludes  
s i t u a t i o n s  where only  a s m a l l  amount of vapor formation w i l l  be  
permi t ted ,  t h e  bubble o r  f r o t h  flow regime w a s  considered t o  be 
the  most important regime f o r  i n t e n s e  s tudy.  Th i s  p laced  a l i m i t  
upon the  amount of l i t e r a t u r e  which had t o  be c a r e f u l l y  reviewed 
and permit ted a narrowing down of t h e  techniques of s o l u t i o n  of 
t h e  two-phase problem. Bubble o r  f r o t h  flow lends i t s e l f  t o  
c e r t a i n  mathematical  t reatment  n o t  u s e f u l  i n  many of t h e  o ther  
two-phase flow regimes. The assumptions of i s o t r o p i c  and homo- 
geneous behavior a r e  f a i r l y  r e a l i s t i c  ones f o r  t h e  bubble flow 
regime. 
The most important information needed f o r  any bubble flow 
s tudy  i s  t h a t  on t h e  behavior of t h e  ind iv idua l  bubbles.  An 
adequate  d e s c r i p t i o n  of bubble formation and growth i s  needed 
i n  order  t o  complete t h e  desc r ip t ion  of t h e  behavior of two-phase 
flow involving t h e  bubble or  f r o t h  flow regime. Bubble formation 
and bubble dynamics has  long been of i n t e r e s t  t o  persons s tudying 
t h e  phenomena of b o i l i n g  hea t  t r a n s f e r .  Much of t h e  c u r r e n t  
l i t e r a t u r e  being s tud ied  and u t i l i z e d  has come from t h i s  f i e l d .  
Another important f a c t  tha t  has  been r e a l i z e d  during t h e  
course  of t h e  i n v e s t i g a t i o n  i s  t h a t  t h e  presence of t h e  bubbles 
i n  t h e  l i q u i d  has  a very  outs tanding e f f e c t  on t h e  v e l o c i t y  of 
sound. A t  mass r a t i o s  of vapor t o  l i q u i d  which exis t  i n  t h e  bubble 
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flow regime, t he  e f f e c t  on t h e  sonic 
can be seen i n  Figure 3 . 1  and Figure 
The speed of sound has  been shown i n  
v e l o c i t y  i s  cons iderable .  Th i s  
3 . 2  taken from Reference 
In t e r im  Report 64-1 t o  be an  
important parameter i n  c e r t a i n  single-phase flow problems. It would 
be expected t h a t  s imi l a r  e f f e c t s  would c a r r y  over i n t o  t h e  two-phase 
f low problems. A b i l i t y  t o  es t imate  t h e  sonic  v e l o c i t y  of va r ious  
m i x t u r e s  of vapor and l i q u i d  must be acqui red  before  any g r e a t  
degree of success  can be accomplished i n  t h i s  a r ea .  
The p r e d i c t i o n  of p re s su re  drop i n  s teady  two-phase flow i s  not  
t o o  d i f f i c u l t  us ing  r a t h e r  we l l - e s t ab l i shed  methods, f i r s t  developed 
i n  Reference [41]. The t r a n s i e n t  two-phase flow problem, however, 
has  been given only a minimum amount of s tudy.  A very  r ecen t  
survey on t h e  problem of flow o s c i l l a t i o n s  i n  two-phase systems 
i s  given i n  Reference [ 42 ] .  It i s  f e l t  t h a t  some of t h i s  m a t e r i a l  
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Figure  3.1 Ve loc i ty  of Sound i n  Steam-Water Mixtures a s  a 
Function of Mixture Q u a l i t y  
p . 15.0 PSI* - 
- 
Figure 3 . 2  Rat io  of Adiabatic Sonic Ve loc i ty  i n  Mixture t o  Sonic 
Ve loc i ty  i n  Gas Phase Versus  t h e  R a t i o  of Mass of Gas 





Cavi t a t ion  L i t e r a t u r e  Survey 
4 .1  In t roduc t ion  
Cav i t a t ion  i s  t h e  formation and subsequent c o l l a p s e  of cavi -  
t i es  i n  a l i q u i d  when t h e  loca l  s t a t i c  p re s su re  a t  some po in t  
decreases  t o  o r  below t h e  vapor pressure  and then  inc reases  as  
t h e  f l u i d  progresses  downstream. This  can e a s i l y  occur when a 
f l u i d ,  near i t s  s a t u r a t i o n  pressure,  i s  flowing through condui t s  
which a r e  equipped w i t h  components. Whenever c a v i t a t i o n  occurs  
t h e  complexity of t h e  flow problem i s  increased  several t i m e s  
because of t h e  formation o f  two-phase flow. Two-phase f low is  
o f t e n  undes i r ab le  no t  only because of t h e  increased  complexity 
of t h e  flow problem but  a l s o  because of t h e  uns teadiness  o f t e n  
caused by i t s  formation. Therefore ,  before  a complete a n a l y s i s  
of two-phase s i n g l e  component flow through condui t s  can be 
at tempted,  w e  must be  a b l e  t o  p r e d i c t  t h e  cond i t ions  a t  which 
two-phase flow starts and t h e  cond i t ions  under which t h e s e  
c a v i t i e s  w i l l  co l l apse .  
The l i t e r a t u r e  on c a v i t a t i o n  has  grown t o  g r e a t  p ropor t ions  
s i n c e  s t u d i e s  began i n  t h e  l a t e  n i n e t e e n t h  century .  Th i s  i s  due 
t o  t h e  l a rge  number of va r i ab le s  involved and t o  t h e  wide range 
of t h e  a s p e c t s  of c a v i t a t i o n  any one of which may happen t o  be 









l i t e r a t u r e  reviewed on c a v i t a t i o n  w i l l  be d i r e c t e d  toward vaporous 
c a v i t a t i o n  a s  might be expected t o  occur i n  f l u i d s  flowing through 
condu i t s  . 
I n  order  t o  c l e a r l y  b r ing  out  t h e  problem t o  be d iscussed  it 
i s  necessary  t o  d i s t i n g u i s h  between two broad types  of c a v i t a t i o n .  
Vaporous c a v i t a t i o n  i s  t h e  sudden expansion of a vapor bubble due 
t o  vapor i za t ion  of t h e  l i q u i d  a t  t h e  bubble w a l l  whereas gaseous 
c a v i t a t i o n  i s  t h e  r e l a t i v e l y  s l o w  expansion of a gas bubble due 
t o  d i f fus ion .  S t r a sbe rg  b 3 ]  showed t h a t  t h e  c r i t i c a l  p re s su re  
needed f o r  vaporous c a v i t a t i o n  would be equal  t o  or less than  the  
vapor p re s su re  whereas gaseous c a v i t a t i o n  could occur a t  p re s su res  
above t h e  vapor pressure .  
Vaporous Cav i t a t ion ,  a phenomenon caused by a decrease  i n  
t h e  s t ream p res su re ,  may occur a s  a r e s u l t  of any one or combination 
o f :  (1) f r i c t i o n  i n  t h e  conduit ,  (2)  decreas ing  t h e  flow a r e a ,  ( 3 )  
c e n t r i f u g a l  e f f e c t s  (flow i n  bends), ( 4 )  v i b r a t i o n  and e t c .  However, 
p re s su re  a lone  does not  spec i fy  t h e  cond i t ions  under which a flowing 
f l u i d  w i l l  c a v i t a t e .  
vapor p re s su re  i s  a necessary condi t ion  f o r  vaporous c a v i t a t i o n ;  
however, t h i s  i s  not  s u f f i c i e n t  because of o the r  v a r i a b l e s .  
It might b e  s a i d  t h a t  p re s su res  below t h e  
4.2 Variab les  Af fec t ing  Cav i t a t ion  
The v a r i a b l e s  which a f f e c t  t h e  onse t  of c a v i t a t i o n  may be  
d iv ided  i n t o  four  major groups. These groups toge the r  wi th  t h e  
ind iv idua l  group v a r i a b l e s  a r e :  
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I. F lu id  P r o p e r t i e s  
1. Vapor p re s su re  
2. Surface t ens ion  
3 .  W e t t a b i l i t y  of l i q u i d  
4.  Viscos i ty  
5 .  Thermal conduct iv i ty  
6 .  Mass d i f f u s i o n  c o e f f i c i e n t  
7. Pressu re  
111. Conduit Var i ab le s  
1. Surface roughness 
2 .  Ma te r i a l  of conduit 
11. Foreign Var i ab le s  
1. Dissolved gases  
2.  Undissolved gases  
3 .  I m p u r i t i e s  ( s o l i d s ,  
d i sso lved  s o l i d s ,  
e t c  .) 
I V  . Dynamic Var i ab le s  
1. Turbulence l e v e l  
2 .  Pressure  d i s t r i b u t i o n  
3 .  Veloc i ty  
4 .  Vibra t ion  
Because of t h e  l a r g e  number of v a r i b l e s  involved, t h e  e f f o r t s  t o  f i n d  
s i m i l a r i t y  or  s c a l i n g  laws encompassing a l l  of t h e s e  v a r i a b l e s  has  not  
been successfu l .  
The problem of determining t h e  cond i t ions  under which a f l u i d  
w i l l  c a v i t a t e  i s  not impossible because of t h e  r e l a t i v e l y  minor r o l e  
most of t h e s e  v a r i a b l e s  p lay  and t h e  dominant r o l e  of a f e w .  Vapor 
p re s su re  i s  t h e  most important s i n g l e  v a r i a b l e  because i t  g ives  an 
i n d i c a t i o n  of t h e  p re s su re  necessary t o  cause c a v i t a t i o n .  Several  
i n v e s t i g a t o r s  have considered the n u c l e i  p resent  i n  t h e  f l u i d  and 
condui t  a s  an  important va r i ab le .  The r o l e  of t h e  n u c l e i  i n  producing 
c a v i t a t i o n  w i l l  be  d iscussed  i n  a fo l lowing  sec t ion .  
4 . 3  I n c i p i e n t  and Desinent Cavi ta t ion  
I n c i p i e n t  c a v i t a t i o n  i s  defined a s  t h a t  phenomena which occurs  
when t h e  stream p res su re  progresses  from a cond i t ion  of no c a v i t a t i o n  
t o  one support ing c a v i t a t i o n .  It marks t h e  onse t  of c a v i t a t i o n .  
Desinent c a v i t a t i o n ,  on t h e  other hand, i d e n t i f i e s  t h e  cond i t ion  
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when the  stream passes  from a cond i t ion  support ing c a v i t a t i o n  t o  one 
wherein t h e r e  i s  no c a v i t a t i o n .  It de f ines  t h e  c e s s a t i o n  of c a v i t a t i o n .  
Many i n v e s t i g a t o r s  i n  t h e  pas t  c a l l e d  both t h e  beginning and t h e  
c e s s a t i o n  " inc ip i en t "  cav i t a t ion .  Hol l  p+4]  i n  1960 named t h e s e  
two d i f f e r e n t  occurrences of cav i t a t ion .  
For i n c i p i e n t  c a v i t a t i o n  t h e r e  w i l l  correspond a p a r t i c u l a r  
va lue  of 
c a v i t a t i o n  t h e r e  i s  t h e  l'desinence presure"  pd. 
t h e r e  fol lows t h e  i n c i p i e n t - c a v i t a t i o n  number K i o  and des inent -  
p c a l l e d  t h e  "inception pressure"  pi' whereas f o r  des inent  
From these  d e f i n i t i o n s  
c a v i t a t i o n  number Kd, defined by 
and 
( 4 . 1 )  
The s u b s c r i p t  ''0" des igna te s  a r e fe rence  s t a t e  which i s  u s u a l l y  
taken upstream of t h e  minimum pressure  sec t ion .  
The experimental  i nves t iga t ion  of Lehman and Young [451  and 
Kermeen 
than  o r  
Pd - P i  
f o r  t h e  
between 
L A  
p6] i n d i c a t e  t h a t  t h e  desinence p res su re ,  pdy  i s  g r e a t e r  
equal  t o  t h e  incept ion  pressure ,  . The p res su re  d i f f e r e n c e  
i s  o f t e n  r e f e r r e d  t o  a s  t h e  "cav i t a t ion  h y s t e r e s i s . "  Thus, 
pi 
same vapor pressure ,  we can w r i t e  t h e  fol lowing r e l a t i o n  
Equations ( 4 . 1 )  and (4 .2) ,  
Kd, 'K, ( 4 . 3 )  
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For a given flow cond i t ion  
Ki,. Hol l  44 pointed out t ha t  i n v e s t i g a t o r s ,  i n  t h e  p a s t ,  c a l l e d  
des inent  c a v i t a t i o n  a s  i nc ip i en t  c a v i t a t i o n  because of i t s  r epea tab le  
Kdo appears  t o  be t h e  upper l i m i t  f o r  
[ I  
na tu re .  However, i n  some cases ,  t h e r e  i s  no d i f f e r e n c e  between i n c i p i e n t  
and des inent  c a v i t a t i o n  except i n  t h e  d e f i n i t i o n s .  
4 .4  The Incep t ion  of Cav i t a t ion  
A .  Nucle i  Theory for Cavi ta t ion  Incep t ion  
It i s  now t h e  genera l ly  accepted view t h a t  t h e  incept ion  
of c a v i t a t i o n  i n  ord inary  l i qu ids  i s  a s soc ia t ed  wi th  t h e  growth of 
n u c l e i  conta in ing  vapor, undissolved gas ,  or bo th ,  which a r e  present  
e i t h e r  w i th in  t h e  l i q u i d  or  i n  c rev ices  on bounding wa l l s .  On t h e  
b a s i s  of phys i ca l  arguments made by Eisenberg 11471, i t  i s  u n l i k e l y  
t h a t  completely d isso lved  gases can p l ay  a dominant r o l e  i n  incep t ion ,  
a l though i n  c e r t a i n  cases such d isso lved  gases  may become important 
dur ing  t h e  incep t ion  process .  The work of Harvey, McElroy and White- 
l e y  48 i s  of p a r t i c u l a r  importantce i n  t h i s  connect ion,  having 
demonstrated t h a t  water ,  s a tu ra t ed  wi th  a i r ,  when "denucleated" by 
[ I  
p r i o r  a p p l i c a t i o n  of l a r g e  pressures  exh ib i t ed  ve ry  h igh  f r a c t u r e  
s t r e n g t h .  Thus, t h e  p re s su re  of such n u c l e i  i s  taken  t o  account 
f o r  c a v i t a t i o n  onse t  a t  pressures  of t he  order of vapor pressure .  
Cav i t a t ion  incept ion  i s  a dynamic phenomenon; however, t h e  
bas i c  p r i n c i p l e s  can be revealed by a s t a t i c  a n a l y s i s .  For s t a t i c  
equ i l ib r ium t h e  fol lowing equat ion,  f o r  a s p h e r i c a l  bubble,  must be 
s a t i s f i e d  : 
2d P,+q=-P+ -jj- 
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( 4 . 4 )  
For a cons tan t  weight of a pe r fec t  gas a t  cons tan t  temperature  p = 
-#, where C, 
of t h e  gas  and R r e f e r s  t o  the r a d i u s  of t h e  sphere.  Hence, Equation 
(4.4) becomes 
g 
i s  propor t iona l  t o  t h e  number of molecules or weight 
26- 
R p-py= 3 - - 
The minimum value  of p - pv = p* occurs  a t  a r a d i u s  
or 




I n  t h i s  r e l a t i o n  t h e  nega t ive  s ign  i n d i c a t e s  t h a t  t h e  c r i t i c a l  f l u i d  
p re s su re  i s  a c t u a l l y  below t h e  vapor pressure .  I f  t h e  p re s su re  i s  
decreased s l i g h t l y  from t h e  condi t ion of 
t h e  bubble becomes uns tab le  and tends  t o  grow without  bound. 
p re s su res  g r e a t e r  than  t h e  c r i t i c a l  p re s su re ,  t h e  bubble i s  s t a b l e  
and assumes an equi l ibr ium radius  s a t i s f y i n g  Equation (4.4).  The 
r e l a t i o n  between p - pv and diameter f o r  d i f f e r e n t  va lues  of C, 
and assuming a su r face  t ens ion  value of 0.005 lbs .  per f t .  f o r  68 F 
water a r e  shown i n  F igure  4.1. The corresponding r e l a t i o n  between 
p res su re  and c r i t i c a l  diameter is shown i n  F igure  4.2. 
(p  - P ~ ) ~ ~ ~  = p* a t  R = R*, 
A t  
It may be observed from Equation (4.6)  t h a t  t h e  c r i t i c a l  r a d i u s  
f o r  a bubble conta in ing  only vapor (C,=O) i s  ze ro  and consequent ly  
t h e  f l u i d  p re s su re  must be i n f i n i t e l y  nega t ive  i n  order  t o  c a v i t a t e  
such a bubble. Th i s  requirement f o r  i n f i n i t e  p re s su re  t o  cause 
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BUBBLE DIAMETER, D. (INCHES I Id, 
Figure 4 .1  Pressure as a Function Bubble S ize  
8, CRITICAL DIAMETER, IINCHES I IO') 
Figure 4.2 Pressure Required to Cause I n s t a b i l i t y  
of Cri t ica l -S ize  Gas Nuclei 
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i n s t a b i l i t y  of a vapor must be modified when the  bubble r ad ius  approaches 
molecular s i z e  and t h e  continuum theory becomes i n v a l i d .  
The previous a n a l y s i s  has considered only t h e  s t a t i c  s t a b i l i t y  
of t h e  c a v i t a t i o n  n u c l e i .  It appears reasonable  t o  expect t h a t  i f  
n u c l e i  a r e  subjec ted  t o  t r a n s i e n t  p re s su re  reduct ions  t h a t  t h e  c r i t i c a l  
p re s su re  f o r  i n s t a b i l i t y  might be cons iderably  less than t h e  va lue  
given by Equation (4.6). Noltingk 11501 was a b l e  t o  show, i n  the  ma- 
j o r i t y  of cases ,  t h a t  t h e  c r i t i c a l  p re s su re  p red ic t ed  by the  s t a t i c  
a n a l y s i s  i s  not  s i g n i f i c a n t l y  a l t e r e d  by t h e  du ra t ion  of t h e  t r a n s i e n t .  
Nol t ingk ' s  i n v e s t i g a t i o n  revealed t h a t  t h e  pressure  need only s t a y  a t  
t h e  c r i t i c a l  p re s su re  f o r  a time s l i g h t l y  g r e a t e r  than the  n a t u r a l  
per iod  of o s c i l l a t i o n  of t h e  bubble. For a bubble diameter of 0.001 
inches,  t h e  p re s su re  need remain a t  t h e  c r i t i c a l  va lue  f o r  approximately 
10 microseconds. On t h e  o ther  hand, c a v i t a t i o n  experiments conducted 
a t  high v e l o c i t i e s  on small  s c a l e  models wi th  s h o r t  low pressure  reg ions  
(flow through v e n t u r i  type  nozzles) can be misleading i f  it i s  assumed 
t h a t  dynamic e f f e c t s  do not inf luence t h e  c r i t i c a l  n u c l e i  s i z e  and 
p r  e s s ur e. 
B. Sources of Nuclei  
I n  t h e  previous s e c t i o n  a s p h e r i c a l  gas bubble was assumed a s  
t h e  n u c l e i  f o r  c a v i t a t i o n .  Such nuc le i  do e x i s t  near t h e  su r face  of 
a g i t a t e d  l i q u i d s  a s  cont inuously en t ra ined  a i r  bubbles.  However, a t  
g r e a t e r  depths ,  o r  i n  a confined f l u i d ,  it appears  t h a t  t h e  gas should 
d i s so lve  i n  t h e  f l u i d .  The p a r t i a l  p re s su re  of t he  gas wi th in  t h e  
bubble i s  higher  than t h e  surrounding f l u i d  p re s su re  because of su r face  
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t e n s i o n  and thus  some gas  should d i f f u s e  i n t o  t h e  l i q u i d .  The loss  
of gas  decreases  t h e  s i z e  of the bubble,  and thus  inc reases  t h e  
su r face  t ens ion  p res su re  which i n c r e a s e s  t h e  gas  p a r t i a l  p re s su re  
and inc reases  t h e  r a t e  of d i f f u s i o n  i n t o  t h e  l i q u i d ,  and so f o r t h .  
From Equation ( 4 . 6 )  we have seen t h a t  s t a b l e  s p h e r i c a l  vapor n u c l e i  
cannot e x i s t .  Consequently, some n u c l e i  source o the r  than  f r e e  gas  
bubbles  must be pos tu l a t ed  i n  order  t o  exp la in  t h e  c a v i t a t i o n  t h a t  
i s  observed i n  f l u i d s  i n  which f r e e  gas  bubbles of t h e  r equ i r ed  
s i z e  f o r  i n s t a b i l i t y  a r e  not  observed. 
When new g l a s s  which has been cleaned wi th  a c i d  i s  immersed 
i n  water, t h e  w a t e r  t ends  t o  f i l l  a l l  t h e  microscopic c racks  and 
c rev ices .  Such a su r face  i s  o f t en  r e f e r r e d  t o  a s  hydrophyl l ic .  
Schweitzer and Szebehely 51 ran some gas  evo lu t ion  t e s t  by 
p l ac ing  t h e  f l u i d  t o  be t e s t e d  i n  s t ee l  and l u c i t e  con ta ine r s .  
[ I  
N o  precaut ion  was made t o  chemically c l ean  the  con ta ine r s .  With 
water they  were unable  t o  produce any apprec iab le  supe r sa tu ra t ion  
without  observing bubble formation. However, wi th  petroleum 
hydrocarbons,  which w e t  both s t e e l  and l u c i t e ,  they  observed 
cons iderable  supe r sa tu ra t ions  (100 percent )  without  bubble r e l e a s e ,  
provided t h e  l i q u i d  w a s  kept  i n  a s t a t i c  s ta te .  Thus, t h i s  
i l l u s t r a t e s  t h a t  t h e  p r o p e r t i e s  of t h e  l i q u i d  a r e  important when 
s tudying c a v i t a t i o n .  
A m a t e r i a l  i n  which water does not  tend  t o  f i l l  microscopic 
c racks  and c r e v i c e s  i s  c l a s s i f i e d  a s  hydrophobic. Th i s  type of 
m a t e r i a l  inc ludes  almost everything and t h u s  gas  volumes are 
e a s i l y  contained i n  t h e  c rev ices  of fo re ign  p a r t i c l e s  en t r a ined  
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i n  t h e  f l u i d  or  i n  t h e  c rev ices  of t h e  boundary m a t e r i a l  i t s e l f .  It 
i s  p r e s e n t l y  be l ieved  t h a t  t h e  n u c l e i  needed f o r  t h e  c a v i t a t i o n  pro- 
cess (other  than  f r e e  gas  bubbles) a r e  loca t ed  i n  t h e  c rev ices  and 
c racks  of such 
[48] w e r e  a b l e  
i t  is  p o s s i b l e  
hydrophobic ma te r i a l s .  Harvey, McElroy, and Whiteley 
t o  show t h a t  i n  a c rev ice  of a hydrophobic m a t e r i a l  
t o  have contac t  ang le s  between t h e  l i q u i d ,  s o l i d ,  
and gas ,  such t h a t  t h e  su r face  t e n s i o n  p res su re  i s  cons iderably  
reduced and tends  t o  decrease r a t h e r  than inc rease  t h e  c a v i t y  
pressure .  Under t h e s e  circumstances,  it is  p o s s i b l e  t o  p o s t u l a t e  
a n  equi l ibr ium cond i t ion  i n  which gas  n e i t h e r  d i f f u s e s  i n t o  o r  out 
of t h e  gas  t rapped  i n  t h e  c rev ice ,  and it i s  t h e s e  microscopic gas 
volumes t h a t  are c u r r e n t l y  be l ieved  t o  be t h e  n u c l e i  needed f o r  
c a v i t a t i o n  incept ion .  
Knapp p 2 ]  explained t h e  d i f f e rence  between a pure l i q u i d ' s  
a b i l i t y  t o  c a v i t a t e  and a l i qu id  t h a t  c a v i t a t e s  a s  soon a s  t h e  
p re s su re  drops below t h e  vapor p re s su re  i n  terms of "weak spots . "  
The f i n d i n g s  of Knapp agreed with those  of Harvey e t . a l .  [ 4 8 ]  i n  
t h a t  weak spo t s  which i n i t i a t e  c a v i t a t i o n  usua l ly  occur on s o l i d  
s u r f a c e s  i n  con tac t  wi th  l iqu ids .  Knapp observed t h a t  normal 
c l ean ing  methods were inadequate t o  remove weak s p o t s  from metal  
su r f aces .  Th i s  i s  probably due t o  t h e  presence of innumerable 
c racks  i n  t h e  metal  sur face .  
I n  summary, t h e r e  are  th ree  d i s t i n c t  sources  of nuc le i .  Each 
source i s  capable  of causing the phenomena of c a v i t a t i o n .  These 
a r e :  
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1. The f r e e  undissolved gas bubble,  u s u a l l y  macroscopic i n  
s i z e .  
2. The n u c l e i  t h a t  e x i s t  i n  t h e  c r e v i c e s  of fo re ign  p a r t i c l e s .  
3. The n u c l e i  t h a t  e x i s t  i n  t h e  boundary m a t e r i a l .  Kermeen, 
McGraw and Pa rk in  53 were a b l e  t o  t ake  p i c t u r e s  of t h i s  
source of n u c l e i  during a c a v i t a t i o n  study. 
[ I  
The i n t e r p r e t a t i o n  of c a v i t a t i o n  tests, i n  which c a v i t a t i o n  
i s  a c t u a l l y  produced i n  the  t e s t  f a c i l i t y ,  i s  e f f e c t e d  by t h e  n u c l e i  
p resent .  To proper ly  ex t r apo la t e  such test r e s u l t s  t o  t h e  p r e d i c t i o n  
of pro to type  c a v i t a t i o n ,  t h e  re levant  s c a l i n g  f a c t o r s  must be con- 
s idered.  
C .  Cav i t a t ion  Sca le  E f f e c t s  
I f  t h e  occurrence of c a v i t a t i o n  w e r e  unc lu t t e red  by t h e  appear- 
ance of scale e f f e c t s ,  t h e  experimental  s tudy of c a v i t a t i o n  would 
KO 
be  f a i r l y  easy. The tes t  of a given shape over a range of 
va lues  would g ive  t h e  des i r ed  information. An i n d i c a t i o n  of such 
a n  i d e a l i z e d  c a v i t a t i o n  behavior i s  presented  wi th  t h e  a i d  of F igure  
4 . 3 .  
The s t r eaml ines  and pressure  c o e f f i c i e n t ,  f o r  p o t e n t i a l  f low 
p a s t  a simple shape, are shown i n  F igure  4.3(a) and 4.3(b)  r e spec t ive ly .  
A t  some poin t  on t h e  body, t h e  minimum pres su re  occurs.  The abso lu te  
va lue  of t h i s  p re s su re  i s  dependent on ly  on t h e  r e l a t i v e  flow v e l o c i t y ,  
and t h e  exac t  shape of t h e  body. PO, Vo, t h e  r e fe rence  pressure ,  
Th i s  minimum pressure  va lue  f o r  t h e  given body i s  thus  uniquely 
cha rac t e r i zed  by C , t h e  minimum value  of t h e  convent ional  
Pmin 
p res su re  c o e f f i c i e n t  i n  which 
54 
(4.7) 
I n  t h e  idea l i zed  s i t u a t i o n ,  no c a v i t a t i o n  test would be r equ i r ed  
because the  va lue  of KO 
simply -CPmin. 
l o c a t  ion,  
o r  even a i r ,  as t h e  t e s t  medium. However, a s  a r e s u l t  of s c a l e  
e f f e c t s ,  c a v i t a t i o n  t e s t s  a r e  requi red .  
a t  which c a v i t a t i o n  would f i r s t  appear i s  
I f  t h e  pressure  could be measured a t  t h e  proper 
could be found by a noncavi ta t ing  test with water ,  ‘Pmin 
The manner i n  which a c a v i t a t i o n  test would v e r i f y  the  Kio 
p red ic t ion ,  i n  t h e  idea l i zed  c a v i t a t i o n  s i t u a t i o n ,  i s  shown i n  
Figure 4.3(c).  
i n i t i a l  opera t ion  of t h e  t e s t  f a c i l i t y  a t  a high 
which t h e r e  is  no p o s s i b i l i t y  of c a v i t a t i o n .  
A c a v i t a t i o n  t e s t  i s  normally conducted wi th  t h e  
va lue ,  f o r  K 
0 
KO 
The opera t ing  
Figure 4.3 
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with 
P O  , va lue  i s  then  reduced, e i t h e r  by r a i s i n g  Vo or lowering 
an a s s o c i a t e d  decrease i n  t h e  abso lu te  p re s su re  
va lue  p - i s  reached. The r educ t ion  of K below t h e  incept ion  
va lue  (K. ) has  no f u r t h e r  e f f e c t  on p which remains equal  t o  
u n t i l  t h e  Pmin’ 
min - pv 0 
10 min’ 
However, t h e  na tu re  of c a v i t a t i o n  i s  changed as  KO i s  reduced PV 
below Ki,. 
bubbles t h a t  qu ick ly  c o l l a p s e  with tremendous n o i s e  a s  they  proceed 
i n t o  reg ions  of h ighe r  pressure.  A t  KO va lues  below Kio, l a r g e r  
c a v i t i e s  may form which change t h e  flow and fo rce  r e l a t i o n s  f o r  t h e  
o b j e c t  o r  condui t .  
A t  t h e  incept ion  poin t ,  t h e  c a v i t a t i o n  c o n s i s t s  of small 
Unfortunately,  l i t t l e  i s  known about how t h e  cond i t ions ,  a t  
t h e  beginning of a c a v i t y ,  change wi th  t h e  degree of c a v i t a t i o n .  
Thus, a d e t a i l  s tudy  of t h i s  could provide u s e f u l  information.  
From t h i s  d i scuss ion  of t h e  i d e a l i z e d  c a v i t a t i o n  occurence 
s i t u a t i o n  s c a l e  e f f e c t s  may be def ined  as any flow phenomena which 
w i l l  cause dev ia t ions  from t h e  i d e a l i z e d  occurrence.  Thus, i f  
t h e  p re s su re  d i s t r i b u t i o n  over t h e  body v a r i e s  wi th  t h e  na tu re  
of t h e  flow, t h i s  r e p r e s e n t s  one kind of s c a l e  e f f e c t .  I f  
c a v i t a t i o n  does not  always s t a r t  when p i s  reached, then  another  
type  of s c a l e  e f f e c t  i s  represented.  The p res su re  d i s t r i b u t i o n  on 
V 
a body i s  a f f e c t e d  by such f a c t o r s  a s  f l u i d  v i s c o s i t y ,  su r f ace  
roughness and e t c .  The pressure  a t  which c a v i t a t i o n  occurs  depends 
on such f a c t o r s  as  n u c l e i  p resent ,  s u r f a c e  t ens ion ,  p re s su re  d i s -  
t r i b u t i o n  and e t c .  
Holl and Wislicenus 55 pointed out  t h a t  t h e  i d e a l i z e d  
s i m i l a r i t y  r e l a t i o n  of c a v i t a t i o n  (K = P - Pv/%poVo ) is  based 
on c e r t a i n  assumptions. These a re :  
2 
[ I  
0 0 
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1. A l l  p r e s su re  d i f f e rences  i n  t h e  flow a r e  p ropor t iona l  t o  
2 
P V  
2.  Geometric s i m i l a r i t y  inc ludes  su r face  i r r e g u l a r i t i e s  of t h e  
flow boundar i e  s . 
3.  The vapor p re s su re  i n  t h e  flow f i e l d  i s  cons t an t  and t h e  
p re s su re  a t  which c a v i t a t i o n  t akes  p l ace  i s  t h e  equi l ibr ium 
vapor pressure .  
4.  Cavi t a t ion  t a k e s  place ins tan taneous ly  whenever t h e  vapor 
p re s su re  i s  reached. 
The c o r r e c t  s i m i l a r i t y  r e l a t i o n s ,  which a r e  needed t o  desc r ibe  
c a v i t a t i o n ,  a re  unknown. However, Holl and Wisl icenus 55 l i s t e d  
several s i m i l a r i t y  r e l a t i o n s  which may he lp  desc r ibe  c a v i t a t i o n .  
[ I  
These are given i n  Table  1. The c l a s s i c a l  r e l a t i o n ,  included i n  
Table  1, must always be  s a t i s f i e d  toge ther  w i th  t h e  requirement 
of geometric and kinematic  s i m i l a r i t y .  
4.5 The I n v e s t i g a t i o n s  of Cavi ta t ion  Incep t ion  
I n  t h e  fol lowing sec t ions  we w i l l  d i s cuss  t h e  experimental  
and t h e o r e t i c a l  i n v e s t i g a t i o n s  of c a v i t a t i o n  incep t ion  f o r  unseparated 
flow p a s t  s t reaml ined  bodies ,  separated flow p a s t  non-streamlined 
bodies ,  and flow through v e n t u r i  type nozz les ,  o r i f i c e s ,  and tubes .  
A. Unseparated Flow P a s t  Streamlined Bodies 
A st reamlined body i s  a body i n  which the  cu rva tu res  a r e  
s u f f i c i e n t l y  mild t o  permit near ly  i d e a l  f low ( t h a t  i s ,  flow without  
boundary layer  s epa ra t ion ) .  The pressure  d i s t r i b u t i o n  on t h i s  body, 
a s  ob ta ined  from p o t e n t i a l  f low theory,  would be expected t o  be i n  
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good agreement wi th  experimental  measurements i f  t h e  boundary l aye r  
displacement th i ckness  i s  small compared wi th  t h e  body diameter.  
Th i s  condi t ion  is  usua l ly  m e t  i f  t h e  Reynolds number i s  s u f f i c i e n t l y  
h igh  t o  produce a f u l l y  developed tu rbu len t  boundary layer .  PI 
Knapp and Hollander 57 made a high-speed photographic (20,000 [ I  
p i c t u r e s  per second) s tudy  of the formation and c o l l a p s e  of i nd iv idua l  
bubbles  during t h e  flow of water p a s t  a 1 .5  c a l i b e r  Ogive-Nosed body. 
The l i f e  of t h e  bubble from t h e  i n s t a n t  it was l a rge  enough t o  be 
de t ec t ed  u n t i l  t h e  completion of i t s  f i r s t  c o l l a p s e  w a s  on ly  about 
0.003 seconds. The formation per iod r equ i r ed  about t h r e e  f o u r t h s  
of t h i s  t i m e ,  l eav ing  one four th  f o r  t h e  c o l l a p s e  per iod.  The 
cond i t ions  of t h e  water tunne l  were: 
and p = 4 p s i a .  
Vo = 40 f p s ,  pv = 0.40 p s i a ,  
0 
I n  many of t h e  p i c t u r e s  taken,  i t  was obvious t h a t  t h e  c o l l a p s e  
of one bubble had a major e f f e c t  on t h e  c o l l a p s e  of i t s  neighbor.  
Furthermore, a s  t h e  s e v e r i t y  of t h e  c a v i t a t i o n  was increased ,  t h e  
bubble concent ra t ion  b u i l t  up very r a p i d l y ,  so t h a t  r a r e l y  i f  ever 
could  a s i n g l e  bubble be seen t o  
f e r  ence . 
Kermeen, McGraw, and Parkin 
m e t r i c a l l y  s i m i l a r  hemispherical  
form and c o l l a p s e  without  i n t e r -  
p 3 ]  i n v e s t i g a t e d  several geo- 
and 1 .5-ca l iber  Ogive-No,sed bodies  
\ 
f o r  c a v i t a t i o n  incept ion  a t  var ious  water t unne l  speeds. The r e s u l t s  
of t h i s  i n v e s t i g a t i o n  a r e  shown i n  F igure  4 . 4 .  Figure  4 . 4  i l l u s t r a t e s  
t h a t  t h e  measured i n c i p i e n t  c a v i t a t i o n  numbers were less than  I C 
and depended on both t h e  model s i z e  and t h e  test  v e l o c i t y .  





I f o r  l a rge  s i z e  bodies and high tunnel  speeds. It i s  suggested I ‘Prnin 
t h a t  t h e  s c a l e  e f f e c t s  shown in  Figure 4.4 a r e  p r imar i ly  caused by 
t h e  low concent ra t ion  of nuc le i  and t h e  small  n u c l e i  s i z e s  present  
i n  t h e  test  w a t e r .  [58] 
curves  drawn through t h e  da ta .  
The curves shown i n  F igure  4.4 a r e  average 
Figure 4.4 I n c i p i e n t  Cavi ta t ion  Number a s  a Function of Free-Stream 
Veloc i ty  f o r  Bodies With Hemispherical 
Noses and 1.5-Caliber Ogive Noses 
Figure 4.5 shows how t h e  desinent  c a v i t a t i o n  number v a r i e s  wi th  
t h e  Reynolds number f o r  t he  flow of water p a s t  Joukowski hydrofo i l s .  
For a given s i z e  t h e  des inent  c a v i t a t i o n  number inc reases  wi th  t h e  
Reynolds number. Furthermore, f o r  a given Reynolds number, t h e  
des inent  c a v i t a t i o n  number decreases wi th  increas ing  s i z e .  On 
t h e  o ther  hand, t he  NACA 16012 hydrofo i l  da ta  shown i n  Figure 4.6 
d i f f e r  markedly from t h e  t r end  shown i n  F igures  4.4 and 4.5. I n  
Figure 4.6 t h e  c a v i t a t i o n  number decreases  f o r  a given s i z e  wi th  
60 
i nc reas ing  Reynolds number (with increas ing  ve loc i ty )  and inc reases  
f o r  a given Reynolds number with increas ing  s i z e .  Th i s  unique 
behavior goes toge ther  wi th  the f l a t  p ressure  d i s t r i b u t i o n  of t hese  
p r o f i l e s  a t  0-degree angle  of a t t a c k  (see Figure 4.7) i n  c o n t r a s t  
t o  t h e  peaked minimum pressure  of o ther  s t reamlined bodies  t r e a t e d .  
Calehuff and Wislicenus 6 1  reported t h a t  c a v i t a t i o n  on t h e  p r o f i l e s  
wi th  f l a t  p ressure  d i s t r i b u t i o n  had t h e  form of t r a v e l i n g  bubbles,  
[ I  
whereas wi th  peaked under-pressures c a v i t a t i o n  appeared t o  be a t t ached  
t o  t h e  sur face .  
I n  F igures  4.5 and 4.6 the s c a l e  e f f e c t s  can be seen. Also, t he  
e f f e c t  of p re s su re  d i s t r i b u t i o n  on t h e  incept ion  of c a v i t a t i o n  is 
shown t o  have an important inf luence.  
Figure 4.5 Desinent Cavi ta t ion  Number a s  a Function of Reynolds 
Number f o r  Water Flowing Pas t  
Joukowski Hydrofoi ls  
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Figure 4 . 6  Desinent Cavitation Number a s  a Function of  Reynolds 
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Figure 4.7 Pressure Distributions for Streamlined Bodies 
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The type  of flow i n  t h e  boundary-layer has  an  important e f f e c t  
on t h e  incept ion  of c a v i t a t i o n .  Daily and Johnson 58 inves t iga t ed  
t h e  e f f e c t s  of a t u rbu len t  boundary-layer on t h e  incept ion  of 
[ I  
c a v i t a t i o n  f o r  t h e  flow of water through a two-dimensional nozzle.  
The flow i n  t h e  boundary-layer w a s  r o t a t i o n a l  and t h e  minimum 
pres su re  d id  not occur on t h e  w a l l  ( for  l a r g e  body curva tures)  but  
s l i g h t l y  away from it i n  t h e  center of t h e  eddies  t h a t  compose t h e  
boundary- layer .  
KO I because of t h e  a d d i t i o n a l  
pressure  reduct ion  caused by turbulence.  However, Dai ly  and Johnson 
Thus c a v i t a t i o n  can a c t u a l l y  begin a t  va lues  of 
t h a t  a r e  s l i g h t l y  g r e a t e r  than I C  Pmin 
pointed out  t h a t  t he  boundary layer  tu rbulence  e f f e c t  i s  small and 
can usua l ly  be neglec ted  a t  the high v e l o c i t i e s  t h a t  a r e  normally 
encountered i n  hydraul ic  s t r u c t u r e s  where c a v i t a t i o n  i s  expected. 
The e f f e c t  of a i r  conten t  on t h e  occurrence of c a v i t a t i o n ,  f o r  
water flowing pas t  hydro fo i l s ,  was inves t iga t ed  by Holl PI. These 
hydro fo i l s  were t e s t e d  a t  var ious angles  of a t t a c h .  F igure  4.8 
shows the  r e s u l t s  of t hese  tests. 
Holl 44 observed t h a t  two types  of des inent  c a v i t a t i o n  could [ I  
be determined. As t h e  pressure  was increased  causing the  c a v i t a t i o n  
t o  d isappear ,  a p re s su re  was reached where t h e  c a v i t a t i o n  disappeared 
uniformly ac ross  t h e  span. This was r e f e r r e d  t o  a s  a r e a l  c a v i t a t i o n .  
However, it was observed t h a t  severa l  c a v i t a t i o n  bubbles s t i l l  clung 
t o  t h e  su r face  and continued t o  do so up t o  very  high ambient 
p re s su res .  These spo t s  of c a v i t a t i o n  were manifest  on t h e  NACA 
16012 hydro fo i l s  a t  angles  of a t t a c k  above t h e  c r i t i c a l  angle .  
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Figure  4 . 8  Two Types of Cav i t a t ion  on 2.5-in.  and 5- in .  
NACA 16012 Hydrofo i l s  
The c r i t i ca l  angle  of a t t a c k  i s  t h a t  angle  a t  which t h e  change 
I w i th  angle  becomes very  l a rge .  The c r i t i c a l  angle  of 1 'Pain of 
a t t a c k  f o r  t h e  NACA 16012 hydrofo i l s  i s  about 1 .5  degrees .  P21 
Oshima [ 6 4 ]  developed a r e l a t i o n ,  from boundary-layer gas-  
n u c l e i  i n t e r a c t i o n  cons idera t ions ,  which al lows p r e d i c t i n g  t h e  
Reynolds number v a r i a t i o n  i n  K i o  f o r  f low pas t  a x i a l l y  symmetric 
bodies .  Ca lcu la t ions  of t h e  turbulen t  boundary-layer growth on 
t h e  test bodies  w e r e  combined with t h e  sugges t ions  of Dai ly  and 
Johnson 58 , concerning n u c l e i  growth and turbulence  e f f e c t s  t o  
p r e d i c t  t h e  s c a l i n g  of c a v i t a t i o n  incep t ion  as  observed on t h e  
[ I  
axisymmetric bodies  r e f e r r e d  t o  p rev ious ly .  Oshima's formula 
appears  t o  agree  f a i r l y  c l o s e  with some s e l e c t e d  experimental  
da ta .  However, be fo re  d e f i n i t e  conclus ions  can be formed about 
t h i s  work, a d d i t i o n a l  experimental  i n v e s t i g a t i o n s  (with l i q u i d s  
o the r  than  water) a r e  necessary.  
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Knapp [65], i n  1952 ,  derived a formula which i s  s imi l a r  t o  Oshima's 
formula.  However, Oshima was ab le  t o  show t h a t  Knapp's formula i s  a 
z: 4
0 
s p e c i a l  case of h i s  theory.  
F L ~ I D :  WATER 
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The incep t ion  of c a v i t a t i o n  on i s o l a t e d  su r face  i r r e g u l a r i t i e s  
imbedded i n  a t u r b u l e n t  boundary layer  w a s  i n v e s t i g a t e d  exper imenta l ly  
and t h e o r e t i c a l l y  by Hol l  . Holl was a b l e  t o  show how 
t h e  e f f e c t  of a smal l  roughness element (of he igh t ,  h) on a smooth 
s u r f a c e  may g r e a t l y  inc rease  the  incept ion  c a v i t a t i o n  number (see 
Figure  4 . 9 ) .  I n  terms of t h e  incept ion  c a v i t a t i o n  number, K r o ,  of 
F igure  4 . 9  Calcu la t ion  E f f e c t  of Relative-Roughness 
S i z e  f o r  a P a r t i c u l a r  Flow 
t h e  roughness element and the  pressure  c o e f f i c i e n t  of t h e  smooth 




The roughness i s  most detr imental  when placed a t  t h e  minimum pressure-  
po in t  of t h e  parent  body, t h a t  i s ,  when C = Cpmin. P 
Holl  66 determined how Kr v a r i e d  wi th  t h e  r a t i o  of t h e  he ight  [ I  0 
of a roughness element, h,  t o t h e  boundary-layer t h i ckness ,  6, f o r  
d i f f e r e n t  v e l o c i t y - p r o f i l e  shapes and two d i f f e r e n t  shapes of roughness 
elements. 
l ayer  shape parameter H = - '* , where 6* i s  the  displacement 
th ickness  and e t h e  momentum th ickness .  Two f a m i l i e s  of c y l i n d r i c a l  
roughness elements having constant  c r o s s  s e c t i o n  were s tud ied .  
family had a c i r c u l a r - a r c  c ross  sec t ion .  
t r i a n g u l a r  c r o s s  sec t ion .  
The v e l o c i t y - p r o f i l e  shape was expressed by t h e  boundary- 
9 
One 
The o the r  family had a 
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Figure 4.10 Cav i t a t ion  Incept ion  on Roughness Elements 
i n  Boundary-Layer Flows 
66 
The ser iousness  of roughness e f f e c t s  i n  producing c a v i t a t i o n  
‘ I  1 
1 It 
i ncep t ion  s c a l e  e f f e c t s  i s  i l l u s t r a t e d  by t h e  fol lowing example. 
1661 Consider a body wi th  CPmin= -0.50 of such propor t ions  and 
t e s t e d  a t  such a speed (Vo = 50 fps )  t h a t  
F igure  4.9 shows, t h e  e f f e c t s  f o r  t h e  sharp  roughness of F igure  
6 = 0.048 in .  As 
4.10 (and a fair ly-normal  turbulen t  boundary l aye r  of H = 1.33) 
a re  cons iderable .  
i n  K i o  
e f f e c t s  a r e  e a s i l y  poss ib l e .  
A 102% (Ki, - I Cpmid / I Cpmins I x 100) inc rease  
occurs  f o r  a 0.001 in.  h igh  roughness and much l a r g e r  
B. Separated Flows P a s t  Non-Streamlined Bodies 
I f  t h e  flow p a s t  a body i s  dece le ra t ed  too  r a p i d l y ,  t h e  
boundary-layer s e p a r a t e s  and t h e  p re s su re  d i s t r i b u t i o n  along t h e  
boundary i s  no longer a t r u e  ind ica t ion  of t h e  minimum pres su re  
i n  t h e  f i e l d .  Unfor tuna te ly ,  t h e r e  i s  no exac t  method of ob ta in ing  
t h e  minimum pres su re  c o e f f i c i e n t  i n  t h e  flow f i e l d  i n  terms of t h e  
measured boundary pressure .  Nevertheless ,  some experimental  s t u d i e s  
of c a v i t a t i o n  incep t ion  have been r epor t ed .  
Most of t h e  a v a i l a b l e  test d a t a  p e r t a i n  t o  sharp-edged d i s k s  
(Figure 4.11) and ze ro  c a l i b e r  og ives ,  i .e .  c y l i n d e r s  wi th  a f l a t  
c u t o f f  end f ac ing  t h e  flow (Figure 4.12). 
d i f f e r e n c e ,  a s  compared t o  t h e  behavior of s t reamlined bodies ,  l i es  
i n  t h e  magnitude of t h e  changes i n  t h e  des inent  c a v i t a t i o n  number, 
which v a r i e s  by a f a c t o r  of t w o  f o r  a change i n  Reynolds number 
by a f a c t o r  of t en .  This  appears t o  be a t  l e a s t  twice t h e  l a r g e s t  
change observed wi th  most of the s t reaml ined  bodies  (except ing t h e  
Joukowski hydro fo i l  da t a  shown in  F igu re  4.5). Furthermore,  t h e  
The most s t r i k i n g  
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REYNOLDS NUMBER, y 
Figure 4 . 1 1  Desinent Cavitation Number as  a Function of 
Reynolds Number for Water Flowing Past Sharp-Edged Disks 
Figure 4 . 1 2  Desinent Cavitation Number a s  a Function of 
Reynolds Number for Water Flowing Past Zero-Caliber Ogives 
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c a v i t a t i o n  number of b l u f f  bodies (i.e.,  separa ted  flow) cont inues  
t o  inc rease  wi th  inc reas ing  Reynolds number. I n  t h i s  r e spec t  t h e  
test  p o i n t s  of t h e  zero-ca l iber  ogives  (Figure 4.12) seem t o  cont inue 
t h e  sharp  d i s k  da t  (Figure 4.11) without  a break or  i n d i c a t i o n  of 
l e v e l i n g  o f f  . ) 
C. Flow i n  Venturi-Type Nozzles 
The ven tu r i - type  nozzle  has  proved t o  be an  e f f e c t i v e  
shape f o r  s tudying c a v i t a t i o n .  T h i s  i s  due t o  t h e  f a c t  t h a t  a 
wide range of flow cond i t ions  a r e  e a s i l y  obtained.  Thus, s t u d i e s  
can  be  made f o r  va r ious  
p re s su re  d i s t r i b u t i o n s .  
I n  t h e  experiments 
r 1  
degrees of c a v i t a t i o n  under d i f f e r e n t  
c i t e d  above (Kermeen, McGraw, and Pa rk in  
1531, no c o n s i s t e n t  e f f e c t  of a i r  conten t ,  v a r i e d  between 7 and 
13 ppm, could be de tec ted .  This d i sag rees  wi th  t h e  observa t ions  
of  Numachi and Kurokawa [70], McCormick [67], Crump [71j, [72], and 
o t h e r s .  Crump [71] found a s i g n i f i c a n t  dependence of i ncep t ion  on 
t o t a l  a i r  conten t  i n  experiments w i th  a v e n t u r i  nozzle  having a 
d i f f u s e r  angle  of 5 . H e  r epor t s  t h a t  i n  f u l l y  a e r a t e d  f r e s h  0 
water ,  c a v i t a t i o n  f i r s t  appeared a t  t h e  boundary i n  t h e  form of 
a small  vapor cav i ty .  I n  deaerated f r e s h  w a t e r ,  Crump found t h a t  
c a v i t a t i o n  f i r s t  appeared i n  the form of ind iv idua l  bubbles which 
do no t  n e c e s s a r i l y  form a t  t h e  boundary. Under t h e s e  cond i t ions ,  
bubbles  formed and disappeared downstream under ambient t e n s i o n s  
a s  high a s  four  atmospheres. Furthermore, he found t h a t  higher  








Figure  4.13 C r i t i c a l  Pressures  f o r  t h e  Incep t ion  of 
Cav i t a t ion  i n  Fresh  Water of Varying A i r  Content 
F igure  4.13 shows t h a t  i n  t h e  undersa tura ted  l i q u i d  it was 
p o s s i b l e  t o  o b t a i n  t ens ions  as  t h e  r e l a t i v e  a i r  conten t  
was reduced. Resu l t s  i n  a nozzle wi th  an abrupt  expansion, 
a/aS 
however, show oppos i te  t r e n d s  in  t h e  p re s su res  r equ i r ed  f o r  
incept ion;  72 al though he re ,  t oo ,  t ens ions  were obtained.  
Comparable r e s u l t s  f o r  sea water a r e  shown i n  F igure  4.14; i n  
[ I  
t h i s  case ,  b u r s t s  of c a v i t a t i o n  w e r e  observed a t  p re s su res  w e l l  
above vapor pressure .  While t h e  t r ends  i n  t h e s e  experiments were 
f a i r l y  d e f i n i t i v e ,  t h e  very  large scatter of r e s u l t s  i s  i n d i c a t i v e  
of t h e  need f o r  understanding the behavior and d i s t r i b u t i o n  of 
n u c l e i ;  i .e ,  t h e  mechanisms by which n u c l e i  are s t a b i l i z e d  and 
t h e  c h a r a c t e r i z a t i o n  of n u c l e i  con ten t ;  e .g . ,  a "spectrum," or  
d e s c r i p t i o n  of number and d i s t r i b u t i o n  i n  s i z e .  
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Figure  4.14 C r i t i c a l  Pressures  f o r  t h e  Incep t ion  of Cav i t a t ion  
i n  Sea Water 
Williams and McNutly 73 i n v e s t i g a t e d  t h e  e f f e c t  of an  a d d i t i v e  [ I  
(sodium n i t r a t e  d i sso lved  i n  d i s t i l l e d  water)  on c a v i t a t i o n  incept ion .  
The i n c i p i e n t  c a v i t a t i o n  number w a s  found t o  inc rease  ( c a v i t a t i o n  
t o  become e a s i e r )  wi th  an  increase  i n  t h e  percentage (from 0 t o  0.4% 
by weight) of d i sso lved  sodium n i t r a t e .  
The flow of l i q u i d  n i t rogen  through a v e n t u r i  t e s t  s e c t i o n  has 
been i n v e s t i g a t e d  by Ruggeri and Gelder [75]. J u s t  p r i o r  t o  i n c i p i e n t  
c a v i t a t i o n ,  t h e  minimum l o c a l  wal l  pres su re  w a s  s i g n i f i c a n t l y  less 
than  t h e  vapor pressure  corresponding t o  t h e  s t ream l i q u i d  temperature.  
Th i s  p re s su re  d i f f e r e n c e  was ca l l ed  e f f e c t i v e  l i q u i d  t ens ion .  The 
temperatures  and p res su res  measured wi th in  r eg ions  of well-developed 
c a v i t a t i o n  were i n  thermodynamic equ i l ib r ium but  
temperature  and t h e  s a t u r a t i o n  vapor p re s su re  of 
were less than  t h e  
t h e  approaching 
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stream. These d i f f e rences  increased wi th  both stream v e l o c i t y  and 
e x t e n t  of c a v i t a t i o n .  
F igures  4.15 and 4.16 show a comparison of c a v i t a t i o n  tests 
of l i q u i d  n i t rogen  and room-temperature water (Ruggeri and Gelder 
[74] i n  t h e  same v e n t u r i .  Nitrogen sus t a ined  nea r ly  t w i c e  t h e  
e f f e c t i v e  t ens ion  a s  water. The i n c i p i e n t  c a v i t a t i o n  numbers f o r  
water were u s u a l l y  higher  than those  f o r  n i t rogen .  This  i n d i c a t e s  
a p o s s i b i l i t y  t h a t  temperature e f f e c t s  t h e  n u c l e i  i n  t h e  tes t  
s e c t i o n .  However, t h e  t e s t  of a d d i t i o n a l  pure f l u i d s  could b r ing  
out  t h i s  e f f e c t .  Sca le  e f f e c t s  o the r  than  temperature  can be 
seen i n  F igures  4.15 and 4.16. 
VELOCITY, Vo ,R;/SEC 
Figure  4.15 Comparison of E f f e c t i v e  Liquid Tension Based on V i s i b l e  
I n c i p i e n t  Cav i t a t ion  for Nitrogen and Water Flowing 




Figure  4.16 Comparison of I n c i p i e n t  Cav i t a t ion  Number f o r  Nitrogen 
and Water Flowing Through Same Ventur i  Model 
Lehman and Young 45 i nves t iga t ed  t h e  p re s su res  and c a v i t a t i o n  [ I  
numbers, near the  loca t ion  where i n c i p i e n t  and des inent  c a v i t a t i o n  
occurred,  f o r  water flowing through d i f f e r e n t  convergent-divergent 
t es t  sec t ions .  The r e s u l t s  of t h i s  i n v e s t i g a t i o n  a r e  shown i n  
F igures  4.17 and 4.18. The c a v i t a t i o n  p res su res  measured near t h e  
plane of i n c i p i e n t  and des inent  c a v i t a t i o n  w e r e  g e n e r a l l y  higher  
f o r  t h e  tests made using an abrupt contour test sec t ion .  
H a m m i t t  b 6 ]  made an inves t iga t ion  similar t o  t h e  i n v e s t i g a t i o n  
made by Lehman and Young p5]. Hammitt observed no d i f f e r e n c e  
between t h e  i n c i p i e n t  and desinent c a v i t a t i o n  numbers whi le  s tudying  
t h e  flow of water through a smoothly changing i n t e r n a l  contour 
nozzle .  Th i s  agrees  f a i r l y  c lose  wi th  t h e  i n v e s t i g a t i o n  made by 
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Figure  4.17 C a v i t a t i o n  Pressures  Near C a v i t a t i o n  P lanes  As a Function 
of Stream Ve loc i ty  a t  t h e  Throat of a Ven tu r i  
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T H R W  VELOCITY, V i  ,FPS 
Figure  4 .18  Comparison of C a v i t a t i o n  Numbers f o r  Water 
Flowing Through Abrupt- and Smooth-Contour, 
Ventur i  Type, T e s t  Sec t ions  
D 
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contour t e s t e d  by Lehman and Young i n d i c a t e s  t h a t  t h e  condi t ions  
a t  t h e  p lane  of c a v i t a t i o n  a r e  a func t ion  of t h e  p re s su re  d i s t r i -  
b u t i o n  p r i o r  t o  c a v i t a t i o n .  
D. Flow Through O r i f i c e s  
The j e t s  flowing from o r i f i c e s  i n t o  f i l l e d  condui t s  
(sudden enlargements) represent  cases of extreme sepa ra t ion  
where, i n  a d d i t i o n  t o  expansion and d i f f u s i o n  of t h e  main j e t ,  
t h e r e  i s  t h e  genera t ion  of secondary flow and coun t l e s s  small  
eddies  and v o r t i c e s .  The pressures  w i t h i n  t h e  eddies  w i l l  be 
apprec iab ly  below t h a t  of t h e  surrounding f l u i d ,  p a r t i c u l a r l y  
when t h e  v e l o c i t y  of o r i f i c e  e f f l u x  i s  high. 
can  q u i t e  e a s i l y  reach  t h e  vapor p re s su re  of t h e  f l u i d  and t h e r e  
These low p res su res  
ex is t  t h e  p o s s i b i l i t y  of cav i t a t ion .  
The e f f e c t  of c a v i t a t i o n  on t h e  d ischarge  c o e f f i c i e n t  of 
o r i f i c e s  has  rece ived  some a t t e n t i o n  1781, [79]. However, only 
t h e  i n v e s t i g a t i o n  of t h e  flow of pure f l u i d s  through o r i f i c e s  
w i l l  be  r epor t ed  a t  t h i s  t i m e .  
Jacobs and Mart in  77 inves t iga t ed  t h e  flow of water ,  l i q u i d  [ I  
hydrogen, and l i q u i d  n i t rogen  through sharp-edged o r i f i c e s .  They 
were unable t o  produce c a v i t a t i o n  a s  long a s  pure l i q u i d  en tered  
t h e  o r i f i c e s .  With l i q u i d  n i t rogen ,  t he  p re s su res  a t  t h e  venae 
con t r ac t ae  were a s  much a s  170 inches of l i q u i d  below t h e  vapor 
p re s su re ,  while  wi th  l i q u i d  hydrogen the  p re s su res  a t  t h e  venae 
con t r ac t ae  were a s  much a s  192 inches of l i q u i d  below t h e  vapor 
pressure .  These w e r e  the  lowest p re s su res  a t t a i n a b l e  wi th  t h e i r  





















Jacobs and Martin observed t h a t  t he  only  way c a v i t a t i o n  could 
be produced was t o  have two-phase flow e n t e r i n g  t h e  o r i f i c e s .  In 
many tes ts  even when two-phase flow en te red  the  o r i f i c e s ,  c a v i t a t i o n  
symptoms w e r e  no t  ev iden t .  
E. Flow Through Conduits 
Mikol and Dudley P O ]  i n v e s t i g a t e d  t h e  condi t ions  a t  
which c a v i t a t i o n  incept ion  occurs f o r  t h e  flow of Freon-12 through 
small  bore copper and g l a s s  tubes.  The po in t  of i ncep t ion  of 
c a v i t a t i o n  was observed t o  move by d i s c r e t e  jumps r a t h e r  than  i n  
a continuous manner a s  opera t ing  cond i t ions  were changed. Th i s  
was probably due t o  t h e  gradual  and uniform pressure  g rad ien t  i n  
t h e  tube.  I n  v e n t u r i  test t h e  incep t ion  s i te  is  f i x e d  w i t h i n  
r a t h e r  c l o s e  l i m i t s  by t h e  nonuniform and sharper  pressure  g r a d i e n t s  
imposed by t h e  geometry. N o  such s h i f t  has  been r epor t ed  i n  any 
v e n t u r i  t e s t .  
Mikol and Dudley observed t h a t  t h e  tube  m a t e r i a l  had t h e  
most important in f luence  on t h e  i n c i p i e n t  c a v i t a t i o n  number. The 
i n c i p i e n t  c a v i t a t i o n  number for t h e  g l a s s  tube  was n e a r l y  twice 
t h a t  f o r  t h e  copper tube.  Th i s  r e s u l t  i s  i n  agreement w i t h  t h e  
nuc lea t ion  theory  expec ta t ion  t h a t  a metal  su r f ace  should provide 
many more nuc lea t ion  si tes than  a g l a s s  su r face .  
Fauske and Min 81 inves t iga t ed  t h e  flow of s l i g h t l y  sub- 
They used a 
I T 3  
cooled Freon-11 through ape r tu re s  and s h o r t  t ubes .  
modified c a v i t a t i o n  number t o  e s t a b l i s h  a c r i t e r i o n  f o r  determining 
s ingle-phase or  two-phase flow regimes i n  sho r t  tubes .  The 
modified c a v i t a t i o n  number is ,  
76 
f o r  two-phase flow Po "e where hp i s  t h e  p re s su re  d i f f e rence ,  
o r  p, - pb f o r  s ingle-phase flow. F igure  4.19 i n d i c a t e s  t h a t  
f o r  modified c a v i t a t i o n  number below 10 t h e  f l u i d  e x h i b i t s  completely 
metas tab le  s ingle-phase flow. When the  modified c a v i t a t i o n  number 
exceeds 14, two-phase flow exists. I n  t h e  range of KO between 
10 and 14, uns t ab le  t r a n s i t i o n a l  f low occurs .  
- 
e. Unstable  -Two-Phase Flow 
Flow - Sing le-Pha se Flow 
I I I I I I 
Figure  4.19 Corre la t ion  Number Determining t h e  
Occurrence of Single-  and Two-Phase Flow Regimes. 11811 
4 . 6  Conclusions 
The preceding d i scuss ions  a r e  p r i m a r i l y  an at tempt  t o  poin t  
ou t  some of t h e  knowns and unknowns about c a v i t a t i o n .  For a 
cons tan t  c a v i t a t i o n  number, both t h e  t i m e  of exposure t o  the  
r eg ion  of p re s su re  below t h e  vapor p re s su re  (underpressure)  
and t h e  amount of t h i s  underpressure,  a r e  func t ions  of v e l o c i t y .  
It may not  be unreasonable t o  assume t h a t  t h e  g ross  c a v i t a t i o n  
p a t t e r n  i s  l a r g e l y  c o n t r o l l e d  by t h e  nuc lea t ion  process .  It 
i s  conceivable  t h a t  t h e  nuc lea t ion  process  may depend upon t i m e  
of exposure t o  underpressure and abso lu te  va lue  of t h i s  under- 
p re s su re  i n  such a way t h a t  t h e  e f f e c t s  are not  cance l l ed  f o r  
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cons tan t  c a v i t a t i o n  number. With systematic  experimental  s t u d i e s  
of d i f f e r e n t  l i q u i d s  flowing through va r ious  p re s su re  d i s t r i b u t i o n s ,  
i t  may be poss ib l e  t o  o b t a i n  a reasonably c o r r e c t  
t r e n d  f o r  an a r b i t r a r y  body and l i q u i d  by means of some r e l a t i o n s  
between underpressure and r e l a x a t i o n  t i m e  ( t i m e  f l u i d  remains a t  
p re s su res  below t h e  vapor pressure before  c a v i t a t i o n  occur s ) .  
a method i s  needed t o  accu ra t e ly  p r e d i c t  t he  cond i t ions  a t  t h e  
p o s i t i o n  where c a v i t a t i o n  s t a r t s  f o r  l imi t ed  and profuse  c a v i t a t i o n .  
K i o  va lue  or 
Also,  
I n  t h e  l i t e r a t u r e  reviewed t h e r e  i s  a t o t a l  absence of exper i -  
ments r e l a t e d  t o  t h e  c a v i t a t i o n  phenomenon f o r  flow i n  bends. 
Most of t h e  condui t s  i n  hydraul ic  machinery where c a v i t a t i o n  
occurs  a r e  curved. There a r e  no clear ideas  a s  t o  what a c t u a l l y  
t a k e s  p l ace  under such Conditions.  What p o r t i o n  of t h e  flow i s  
a c t u a l l y  vaporized i s  of i n t e r e s t .  
l i k e  petroleum o i l s ,  would behave s i m i l a r l y  t o  water under c a v i t a t i o n  
cond i t ions .  




Bubble Dynamics L i t e r a t u r e  Survey 
5.1 In t roduc t ion  
Bubble dynamics i s  t h e  study of bubble s i z e  and r a d i a l  v e l o c i t y  
a s  a func t ion  of t i m e  and a l l  other  v a r i a b l e s  e f f e c t i n g  t h e  s i z e  and 
r a d i a l  v e l o c i t y  of t h e  bubble. 
of l i q u i d  around t h e  bubble, the temperature  and p res su re  f i e l d s  i n  
t h a t  l i q u i d  and i n s i d e  t h e  bubble, and t h e  type  of gas  i n s i d e  t h e  
bubble. Here t h e  s i n g l e  component l i q u i d  and bubbles con ta in ing  
only  t h e  vapor of t h i s  l i q u i d  w i l l  b e  considered.  
The primary v a r i a b l e s  a r e  t h e  type  
The need f o r  a knowledge of bubble dynamics r e s u l t e d  from 
problems i n  t h e  f i e l d s  of c a v i t a t i o n  and b o i l i n g  hea t  t r a n s f e r .  
However, a s tudy of bubble dynamics need not  involve the  method by 
which a bubble i s  formed. Experimental r e s u l t s  of both are  considered.  
The goa l  f o r  knowledge i n  bubble dynamics i s  t o  have a theory  
which w i l l  p r e d i c t  when a bubble w i l l  form, grow and co l l apse .  The 
p r e d i c t i o n  of when a bubble w i l l  form must be r e l a t e d  t o  t h e  proba- 
b i l i t y  t h a t  c e r t a i n  pressure ,  temperature,  and n u c l e i  requirements  
be  m e t  a t  a given t i m e  and pos i t ion .  
r e s u l t  of c a v i t a t i o n  (pressure  reduct ion)  or  hea t  t r a n s f e r  (temper- 
a t u r e  inc rease ) .  
t h e  s u b j e c t  of t h e  fol lowing sec t ions .  The sub jec t  i s  considered i n  
two p a r t s :  1. t h e o r e t i c a l  o r  a n a l y t i c a l  approach, 2 .  experimental  
approach. 
The bubble may form a s  a 
The growth and c o l l a p s e  of a vapor bubble i s  
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5.2 T h e o r e t i c a l  S tud ie s  of Bubble Dynamics 
When a vapor bubble grows, l a t e n t  hea t  of vapor i za t ion  must be 
suppl ied  a t  t h e  vapor- l iqu id  i n t e r f a c e  and t h e  l i q u i d  w i l l  experience 
a drop i n  temperature .  Th i s  would have a tendency t o  reduce t h e  growth 
ra te .  A vapor bubble i n  a superheated l i q u i d  can  be  expected to 
grow without  bound a s  long as t h e r e  i s  superheat  i n  t h e  l i q u i d  t o  
provide t h e  hea t  of vaporizat ion.  S imi l a r ly ,  when a vapor bubble 
c o l l a p s e s ,  l a t e n t  h e a t  i s  given up by t h e  vapor a t  t h e  i n t e r f a c e  
and t h e  l i q u i d  w i l l  experience a r i s e  i n  temperature.  
I n  a subcooled l i q u i d  a bubble w i l l  c o l l a p s e  due t o  hea t  t r a n s f e r  
e f f e c t s  and i n e r t i a  e f f e c t s .  The c o n t r i b u t i o n  of each method i s  
d iscussed  by Florschuetz  and Chao p 3 ] .  They d e f i n e  a parameter,  
t h a t  can be used t o  determine t h e  r e l a t i v e  c o n t r o l  hea t  t r a n s f e r  Bef f  
and i n e r t i a  have over co l l apse .  
There have been seve ra l  methods app l i ed  t o  t h e  a n a l y t i c a l  
s o l u t i o n  of t h e  bubble dynamics problem. Some assumptions i d e n t i c a l  
i n  a l l  approaches are: 
1. The bubble is  sphe r i ca l  i n  shape. 
2. The p res su re  f i e l d  i n  the l i q u i d  i s  known. 
3. The temperature  f i e l d  in  t h e  l i q u i d  i s  known. 
4. 
5. The l i q u i d  and vapor a re  pure.  
0 The s u r f a c e  t ens ion  pressure  i s  2 - R 
6. F l u i d  motion i s  i r r o t a t i o n a l .  
7 .  V i scos i ty  e f f e c t s  a r e  neglected.  
8. The l i q u i d  i s  incompressible.  
9. Thermal c o n d u c t i v i t i e s  and s p e c i f i c  h e a t s  a r e  cons t an t  




Bubble w a l l  v e l o c i t y  equals  t h e  l i q u i d  v e l o c i t y  a t  t h e  wa l l .  
Bubble w a l l  v e l o c i t y  i s  s m a l l  compared t o  t h e  son ic  v e l o c i t y  
i n  t h e  l i q u i d .  
12. The vapor i n e r t i a  i s  neglec ted .  
13. T h e  vapor p re s su re  and temperature  i s  uniform i n  t h e  
bubble. 
It i s  obvious t h a t  t h e s e  assumptions do not  hold over t h e  whole 
range of growth and co l l apse .  The s p h e r i c a l  shape i s  uns t ab le  a t  
t h e  poin t  of co l l apse .  There is a l a r g e  temperature  v a r i a t i o n  i n  
t h e  c o l l a p s i n g  bubble and t h e  s p e c i f i c  hea t  and thermal  conduc t iv i ty  
cannot be considered cons tan t .  However, t h e  e r r o r s  made by us ing  
t h e s e  assumptions are small and t h e  r e s u l t i n g  t h e o r i e s  do c o r r e l a t e  
much of t h e  experimental  da t a .  
When t h e  assumptions l i s t e d  a r e  app l i ed  t o  t h e  c o n t i n u i t y  
equat ion  and equat ion  of motion, an equat ion  f o r  t h e  motion of t h e  
r a d i u s  of t h e  vapor bubble w a l l  i s  determined: 
I B  4 
The 
po in t  of 
A. 
a n a l y t i c a l  s o l u t i o n s  t o  Equat ion (5.1) r e s u l t  from t h e  view- 
t h e  authors .  






Zwick 84 solves Equation (5.1) along wi th  t h e  hea t  equat ion  [ I  
and boundary cond i t ions  
** 





The mathematics of solving Equat ions (5.1), (5.2),  (5.3), and 
(5.4) toge ther  are presented  and t h e  bubble growth r a t e  i s  g iven  
f o r  four  phases of bubble growth. The phases are a r b i t r a r i l y  
s e l e c t e d  by Zwick and a r e  ca l l ed  de l ay  per iod ,  e a r l y  phase, i n t e r -  
mediate phase, and asymptotic phase. The phase c l a s s i f i c a t i o n  
depends upon t h e  phys ica l  v a r i a b l e s  which m y  be neglec ted  f o r  a 
given range of va lues .  Z w i c k  uses t h e  phys ica l  p r o p e r t i e s  of 
water t o  exp la in  which terms may be  neglec ted .  
P l e s s e t  and Zwick 85 give a n  a l t e r n a t e  s o l u t i o n  t o  Equation [ I  
(5 .2) .  They consider  t h e  temperature change i n  t h e  l i q u i d  t o  be 
concent ra ted  i n  a t h i n  boundary l aye r  around t h e  bubble and t r e a t  
t h e  problem a s  a nonsteady hea t  d i f f u s i o n  problem. Then i n  
r e fe rence  [ 8 6 ]  t hey  use t h e  temperature d i s t r i b u t i o n  of r e fe rence  
[85] t o  so lve  t h e  bubble dynamics problem. They use  t h e  r e l a t i o n -  
s h i p  
where A i s  a cons tan t  and T from re fe rence  [85] is  
- 




P l e s s e t  and Zwick 8 7  give t h e  asymptotic s o l u t i o n  f o r  a vapor 
bubble i n  a superheated l i qu id .  The s o l u t i o n  is  t h e  same a s  t h e  one 
given i n  r e fe rence  [86], bu t  t h i s  a n a l y t i c a l  approach i s  compared 
wi th  experimental  data .  
[ I  
The bubble growth r a t e  is propor t iona l  t o  
t h e  square r o o t  of t i m e :  
P l e s s e t  p83 discusses  the v a l i d i t y  of some of t h e  assumptions 
made i n  t h e  a n a l y t i c a l  so lu t ion  given.  H e  g ives  express ions  t o  be 
used i n  a s ses s ing  t h e  e r r o r  r e s u l t i n g  from assuming t h a t  t h e  vapor 
p r e s s u r e  i s  uniform and t h a t  the w a l l  v e l o c i t y  i s  t h e  l i q u i d  v e l o c i t y .  
These express ions  g ive  a very  good f e e l  f o r  t h e  order  of magnitude 
of t h e  terms involved. 
B. F o r s t e r  - Zuber Approach 
F o r s t e r  [89] g ives  a mathematical s o l u t i o n  t o  t h e  hea t  
t r a n s f e r  Equation (5.2) wi th  no hea t  gene ra t ion  ( i . e . ,  (i = 0) .  He 
assumes t h a t  t h e  motion of t h e  bubble wa l l  R = R ( t )  i s  a known 
func t ion .  The boundary condi t ions  a r e  e i t h e r  cons t an t  temperature  
or  vanishing hea t  f l ux .  H e  g e t s  an approximate s o l u t i o n  of t h e  
o r i g i n a l  problem by so lv ing  
where R(S) 
t h a t  t h e  second t e r m  i n  t h i s  equat ion vanishes  a t  x = t ;  and when 
dT becomes small ,  neg lec t ing  t h e  second t e r m  w i l l  r e s u l t  i n  small 
i s  an appropr i a t e  mean va lue  = $(x) R ( t ) .  H e  exp la ins  
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e r r o r .  Therefore  t h i s  t e r m  i s  neglec ted  and t h e  r e s u l t a n t  s o l u t i o n  is  
F o r s t e r  and Zuber 90 solve equat ion  (5.1) by us ing  t h e  [ I  
Clausius-Clapeyron r e l a t i o n  
Then Tvs - T- is  found from t h e  s o l u t i o n  of (5.8). I n  add i t ion ,  
2o may be neglec ted  when .. 3 when R > & t h e  terms R R +- ia + - 
compared t o  t h e  o the r  terms i n  t h e  equat ion.  
hydrodynamic terms. 
2 P LVR 
These terms are t h e  
For a growing vapor bubble i n  a superheated 
l i q u i d  t h e  s o l u t i o n  of Equation (5.1) w i th  (5.8) and (5.9) need be 
completed only f o r  a t i m e  i n t e r v a l  from ze ro  t o  one mi l l i second 
and then  t h e  hydrodynamic terms may be neglected.  
a l s o  g ives  t h e  bubble growth r a t e  p ropor t iona l  t o  t h e  square r o o t  
Th i s  s o l u t i o n  
of t i m e  . 
Zuber [91] cons iders  t h e  problem of bubble dynamics i n  both a 
superheated and a subcooled l iqu id .  He star ts  wi th  a hea t  balance 
(5.10) 
f o r  a uniformly superheated l iqu id .  The hea t  t r a n s f e r  c o e f f i c i e n t ,  








The s o l u t i o n  of (5.10) and (5.12) agrees  s a t i s f a c t o r i l y  with experiment. 
I n  t h e  nonuniform temperature f i e l d ,  Equation (5.10) must have a 
hea t  t r a n s f e r  term f o r  hea t  from t h e  vapor i n t e r f a c e  t o  t h e  bulk 
1 iqu id  : 
(5.13) 
The t e r m  qb must be picked for  t h e  average bubble i n  t h e  non- 
uniform temperature f i e l d  and cannot be used t o  p r e d i c t  t h e  growth 
r a t e  of any given bubble. 
I n  a subcooled l i q u i d  r e fe rence  g ives  t h e  r e s u l t s  of 
Bosnjakovic and Jacob: 
Is- I L  L,p- df? = - g  kJI,. 
dt at 
The bubble w i l l  reach a maximum rad ius  
(5.14) 
and then  co l l apse .  Here b i s  a cons tan t  fo r  any given temperature- 
pressure  f i e l d .  T h i s  a n a l y s i s  may be used wi th  experimental  da t a  by 
tak ing  t h e  experimental  po in t  where R = Rm and R = 0 and drawing t h e  
t h e o r e t i c a l  c o l l a p s e  curve from t h i s  po in t .  The growth i s  determined 
by i n t e g r a t i n g  backward i n  time from t h i s  po in t .  
C .  Birkhoff ,  Margulies,  and Horning 
The above au thors  i n  92 assume t h e  s o l u t i o n  of Equation [ I  
(5.2) t o  be of t h e  form 
85 
where 
Th i s  implies  t h a t  t h e  bubble growth r a t e  i s  %(ut) f . K, i s  a 
dimensionless parameter. Equation (5.2) wi th  (5.16) and (5.17) 
g ive  s 
The s o l u t i o n  t o  Equation (5.2) is then  of t h e  form 






For one p a r t i c u l a r  
s o l u t i o n  g ives  the  
range of t h e  dimensionless parameter,  K,,  t h i s  
r e s u l t  
(5.21) 
Th i s  is t h e  asymptotic growth r a t ed  equat ion determined by P l e s s e t  
and Zwick f o r  a uniformly superheated l i qu id .  However, o ther  ranges 
of K, g ive  o ther  asymptotic so lu t ions .  
D. Bankoff and Mikesel l  




a r e  cons tan t  ( t h e  Rayleigh so lu t ion)  and compares it  wi th  



















t o  vary  t h e  way it  would i n  c a v i t a t i n g  flow. The a n a l y t i c a l  so lu t ion  
of Equation ( 5 . 1 )  with  pv 
da ta .  
constant  i s  used t o  f i t  t h e  experimental  
E. Scr iven Approach 
Scriven p 4 ]  considers  t h e  growing vapor bubble i n  an i n f i n i t e  
medium of uniform superheat .  He cons iders  t h e  growth t o  be con t ro l l ed  
e n t i r e l y  by t h e  t r a n s p o r t  of heat and matter  a c r o s s  t h e  bubble boundary. 
H e  s t a t e s  t h a t  t h e  s o l u t i o n s  presented above a r e  v a l i d  only over 
r e s t r i c t e d  ranges of p re s su re  and superheat .  H i s  s o l u t i o n  i s  exac t  
under t h e  assumptions made and is  adequate f o r  a l l  but  t h e  e a r l i e s t  
s t a g e s  of bubble growth. He l i s t s  assumptions which a r e  s u b s t a n t i a l l y  
those  of the beginning of t h i s  sec t ion .  He a r r i v e s  wi th  Equations (5.1) 
and (5.2) by cons ider ing  t h e  con t inu i ty  equat ion,  equat ion  of motion, 
and energy equat ion.  The exact  s o l u t i o n  t o  Equations ( 5 . 1 )  and ( 5 . 2 )  
r e s u l t s  from neg lec t ing  t h e  hydrodynamic terms. H i s  exact  s o l u t i o n  
reduces approximately t o  those  of Forster-Zuber and Plesset-Zwick, 
depending on t h e  growth cons tan t ,  @*. Where @* i s  def ined 
( 5 . 2 2 )  
Figure 5 . 1  i s  a comparison of S c r i v e r ' s  s o l u t i o n  and t h e  approximate 
so lu t ions :  
( 5 . 2 3 )  
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Yang and Clark 95 solve Equation (5.2) neg lec t ing  t h e  term 
TT. The s o l u t i o n  is  almost i d e n t i c a l  t o  t h a t  of Foster-Zuber 
[ I  
f 
but  a c o e f f i c i e n t  of bubble growth given by Scriven is  again 
introduced and t h e  f i n a l  so lu t ion  depends on t h e  s e l e c t i o n  of 8-k. 
This  development i s  compared i n  a c h a r t  l i k e  Figure 5.1 t o  the  
s o l u t i o n s  of Scr iven and Plesset-Zwick. P l e s s e t  and Zwick's 
s o l u t i o n  i s  a c lose r  f i t  t o  the  s o l u t i o n  of Scr iven than i s  the  
theory  of Yang and Clark.  
A t  a conference on bubble dynamics 96 For s t e r  and Zwick 
discussed t h e  merits of t h e i r  two r e spec t ive  t h e o r i e s .  The genera l  
[ I  
conclusion reached was t h a t  the  Plesset-Zwick theory  could be a s  
accu ra t e  a s  des i r ed ,  depending only on t h e  order  of approximation; 
but  t h a t  t h e  f i r s t  o rder  approximation i n  e f f e c t  reduced t h e  
boundary layer  t o  a t h i ckness  of zero  and thus  e l imina ted  t h e  
convect ion term. The Plesset-Zwick s o l u t i o n  r e q u i r e s  t h e  eva lua t ion  
of twenty-two c o e f f i c i e n t s  while t h e  Forster-Zuber s o l u t i o n  r e q u i r e s  
only two. 
5.3 Experimental  S tudies  of Bubble Dynamics 
The two most prominent uses f o r  t h e  bubble growth and c o l l a p s e  
r a t e  t h e o r i e s  a r e :  
1. Using t h e  information t o  p r e d i c t  t h e  growth and co l l apse  
of a bubble i n  a c a v i t a t i n g  s t ream of l i q u i d .  
2. Using t h e  information for a method of c o r r e l a t i n g  t h e  
hea t  t r a n s f e r  da ta  i n  bo i l ing  hea t  t r a n s f e r .  
A. Cavi t a t ion  
The c a v i t a t i o n  problem w a s  i nves t iga t ed  experimental ly  by 
P l e s s e t  p7]. He assumes t h e  vapor p re s su re  and su r face  t ens ion  
t o  be cons tan t  i n  Equation (5.1) and so lves  t h a t  equat ion f o r  a 
c o n t r o l l e d  v a r i a b l e  l i q u i d  pressure.  H e  shows t h a t  t he  change 
i n  temperature i n  t h e  l i q u i d  i s  approximately 1.8 degree F; and, 
t h e r e f o r e ,  t he  hea t  t r a n s f e r  problem need not  be solved. The 
theory  does a very  good job of p red ic t ing  t h e  growth and co l l apse  
r a t e s  f o r  a l a r g e  bubble r ad ius  but  is  lacking i n  t h e  e a r l y  growth 
and l a t e  co l l apse  s tages .  
B. Boi l ing  Heat Transfer  
Dergarabedian 98 performed an experimental  s tudy of [ I  
t h e  growth of vapor bubbles i n  superheated water .  Both t h e  P l e s s e t -  
Zwick and the  Forster-Zuber so lu t ions  were s u f f i c i e n t  i n  c o r r e l a t i n g  
t h e  growth r a t e .  
Florschuetz  and Chao 83 performed experiments i n  subcooled 
water and e t h y l  a lcohol  under approximate zero  g r a v i t y  condi t ions  
[ I  
and found t h a t  t h e  da t a  d id  f i t  t h e  t h e o r i e s  of Plesset-Zwick and 
Forster-Zuber f o r  i n e r t i a  cont ro l led  c o l l a p s e  but d id  not  f i t  f o r  
some hea t  t r a n s f e r  c o n t r o l l e d  col lapse.  
Engelberg-Forster and G r e i f  r991  c o r r e l a t e d  b o i l i n g  heat  t r a n s f e r  
da t a  i n  t e r m s  of 
found one form of 
The equat ion is  
I 4  
- p,) taken from Equation (5.1) and PV hp (i.e., 
c o r r e l a t i o n  tha t  f i t  t h e i r  experimental  da t a .  
(5.25) 
90 
C o s t e l l o  and T u t h i l l  100 experimented wi th  superheated water [ I  
under t h e  e f f e c t s  of a c c e l e r a t i o n  and found t h a t  on ly  Equation (5.25) 
w a s  s a t i s f a c t o r y  i n  c o r r e l a t i n g  t h e i r  data .  
Gunther [ l o l l  gave some i n t e r e s t i n g  experimental  r e s u l t s  f o r  
growth and c o l l a p s e  rates of vapor bubbles ,  bu t  t h e s e  r e s u l t s  were 
no t  compared to any a n a l y t i c a l  so lu t ions .  
F o r s t e r  and Zuber 102 show t h a t  t h e  product of bubble r a d i u s  [ I  
and r a d i a l  v e l o c i t y  i s  a constant and formulate  a Reynolds number 
f o r  flow i n  t h e  superheated l i q u i d  near  a h e a t i n g  su r face .  This  
Reynolds number becomes : 
I= N (5.26) 
They use t h i s  Reynolds number i n  c o r r e l a t i n g  b o i l i n g  hea t  t r a n s f e r  
d a t a  and g e t :  
(5.27) 
For n-pentane, benzene, e thanol ,  and water t h i s  c o r r e l a t i o n  reduces 
t o  
(5.28) 
Equat ions (5.27) and (5.28) gave good experimental  f i t s  f o r  t h e  da t a  
of  t h e s e  l i q u i d s .  
Zuber and F r i ed  103 s t a t e  t h a t  i n  pool b o i l i n g  t h e  F o r s t e r -  
Zuber c o r r e l a t i o n  Equation (5.27) i s  v a l i d  f o r  cryogenic  f l u i d s .  
It i s  a l s o  shown t h a t  t h e  c o r r e l a t i o n  Equation (5.25) i s  i d e n t i c a l  
[ I  
( 1 




Reference [lo41 d iscusses  the  f a c t  t h a t  t h e  growth r a t e  i n  a 
hydrogen bubble chamber i s  propor t iona l  t o  t h e  square r o o t  of t i m e  
and t h a t  t h e  growth r a t e s  of bubbles agrees  wi th  t h e  t h e o r i e s  of 
Plesset-Zwick and Birkof f -Margulies-Horning . 
Staniszewski  105 experimented wi th  water and e thano l  a t  
p re s su res  of 14.7, 28, and 40 p s i a .  H i s  conclusions w e r e  t h a t  
1 . 1  
none of t h e  present  t h e o r i e s  could be used i n  t h e  c o r r e l a t i o n  of 
h i s  data .  
Bankoff and Mason 106 give experimental  v e r i f i c a t i o n  of t h e  [ I  
f a c t  t h a t  t h e  l a t e n t  h e a t  of vapor iza t ion  t r anspor t ed  i n t o  t h e  
l i q u i d  by a vapor bubble cannot be neglec ted  i n  subcooled b o i l i n g  
i f  accu ra t e  c o r r e l a t i o n  i s  t o  r e s u l t .  The preceeding c o r r e l a t i o n s  
could only a d j u s t  c o e f f i c i e n t s  o r  exponents f o r  b e t t e r  f i t .  There 
w a s  no phys ica l  parameter i n  these c o r r e l a t i o n s  which t r u l y  repre-  
sented t h i s  phenomena. 
5.4 Summary 
The a n a l y t i c a l  so lu t ion  of t he  bubble dynamics has  apparent ly  
been completed and so lu t ions  t o  any des i r ed  accuracy a r e  a v a i l a b l e .  
The type of l i q u i d  is important i n  t h e s e  s o l u t i o n s  only i n  determining 
t h e  t e r m s  t h a t  may be neglec ted  without  s a c r i f i c i n g  accuracy. 
The b e s t  pool b o i l i n g  hea t  t r a n s f e r  c o r r e l a t i o n  equat ions  a r e  
based on t h e  parameters involved i n  t h e  bubble dynamics so lu t ion .  
The p r e d i c t i o n  of t h e  growth and c o l l a p s e  of vapor bubbles i n  c a v i t a t i n g  
















CHAPTER V I  
Progress  on the  Single-phase Conduit Models 
6 .1  In t roduc t ion  
The purpose of t h i s  chapter i s  t o  g ive  a d e t a i l e d  p re sen ta t ion  
of t h e  a n a l y t i c a l  progress  which has  been made on s i n g l e  phase 
condui t  models s i n c e  In t e r im  Report No. 64-1. 
6.2 Appl ica t ion  of Exact,  Two-Dimensional, Viscous Solu t ion  t o  t h e  Case 
of a Rigid Pipe 
I n  In t e r im  Report No. 64-1 an exact  s o l u t i o n  of Equation (2.5) 
was presented  f o r  t h e  case  of axisymmetric flow. The gene ra l  so lu t ion  
showed t h e  Laplace transformed r a d i a l  and a x i a l  v e l o c i t i e s  t o  be of 
t he  form 
and 
where r , 8 ,  and k a r e  r e l a t e d  by 
(6.3) 
The f i r s t  approach t o  applying t h i s  s o l u t i o n  t o  r i g i d  pipe flow was 
made by assuming the  term 
This  l ed  t o  the  ze ro th  mode propagation cons tan t  








r ,=5 ( 6 . 4 )  
. G o '  
We w i l l  now proceed wi th  a more exac t  a n a l y s i s  which y i e l d s  a ze ro th  
mode propagation cons tan t  t h a t  ag rees  very we l l  wi th  experimental  
resu l t s ,whereas  t h a t  of Equation (6.4)  does not .  
For a r i g i d  p i p e  we requi re  t h a t  both t h e  r a d i a l  and a x i a l  
v e l o c i t i e s  go t o  ze ro  a t  t he  pipe wal l .  
t o  Equations (6.1) and (6.2) y ie lds  
Applying these  condi t ions  
and 
Solving f o r  A from Equation (6.6) and s u b s t i t u t i n g  i n t o  Equation 
(6.5) g ives  
I n  our f i r s t  a n a l y s i s  we found t h a t  
a n a l y s i s  we w i l l  assume instead t h a t  i t  i s  very small ,  thus  we 
Bo = 0. For t h i s  more exact  
may approximate J, (Q,ro) and Jo<QO) by small  argument values .  





S u b s t i t u t i o n  of Equations 
kP= 
(6.8) and (6.9) i n t o  
or , by s u b s t i t u t i n g  Equation (6.10) i n t o  (6.3) 
(6.7) g ives  
w e  have 




expression fo r  t h e  z e r o t h  mode propagat ion cons tan t .  Figure 6 .1  
shows a t h e o r e t i c a l  comparison between the  r e s u l t s  obtained from 
using the  approximate from Equation (6.4) and t h e  more exact  
va lue  from Equation (6.11). 
r a t i o  of p re s su re  amplitude t o  p i s t o n  v e l o c i t y  amplitude fo r  t he  
case  of a r i g i d  conduit  wi th  a cons tan t  pressure  r e s e r v o i r  a t  one 
end and an o s c i l l a t i n g  p i s t o n  a t  t he  o ther  end. Note t h e  d i f f e rence  
i n  damping and i n  the  resonance peak between the  two curves.  I n  
Chapter IX of t h i s  r e p o r t ,  experimental  s t u d i e s  a r e  descr ibed which 
v e r i f y  t h e  accuracy of t h e  propagation cons tan t  given by Equation 
(6.11) f o r  t he  range of parameters of t h e  test .  
ko x i  s/vo = 5 .  Equation (6.11) i s  now a more exact  J- 
The f i g u r e  r e p r e s e n t s  t he  dimensionless 
6.3 E f f e c t  of Nonlinear Terms 
I n  Sec t ion  2.7 we discussed, t o  some e x t e n t ,  t he  problems 
a s soc ia t ed  wi th  a n a l y t i c a l  i nves t iga t ions  of f l u i d  condui t s  where 
some cons idera t ion  must be made of t he  nonl inear  terms of t he  
equat ions of motion. A t  t h i s  t i m e  we w i l l  p resent  a s o l u t i o n  of 
the  governing equat ions f o r  Case 1 of Sec t ion  2 .7 ,  i . e . ,  t h e  case  
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where t h e r e  i s  a l a rge  s teady  flow component but  t h e  p e r t u r b a t i o n  or  
unsteady flow components a r e  small. We assume f o r  t h e  f l u i d  v e l o c i t y  
(axisymmetric flow) 
(6.12) 
where vzo r e p r e s e n t s  t h e  stady a x i a l  v e l o c i t y  component, v 
r e p r e s e n t s  t h e  r a d i a l  unsteady v e l o c i t y  component and v i s  




and v1 i s  the  unsteady vector v e l o c i t y .  Making our usua l  assumption 
of a semi-compressible f l u i d ,  i . e . ,  a f l u i d  whose d e n s i t y  i s  t i m e  
but  not  s p a t i a l l y  dependent, we may write f o r  t h e  equat ion  of 
motion ( c a l l i n g  v simply vo) 
20  
and f o r  t h e  c o n t i n u i t y  r e l a t i o n  ( inc luding  e q u a t i m  of s t a t e )  




VI = 04 + v o ,  (6.15) 
- 
% r e p r e s e n t s  a sca l a r  f i e l d  and f a vec tor  f i e l d .  If 
t ake  f i r s t  t h e  divergence and then  the  c u r l  of Equation (6.13) 







o r ,  s ince  V - G1 = and vxG1 = -V2J11.,(&=e $1) we may rewrite 
Equations (6.16) and (6.17) a s  
and 
(6.19) 
A t  t h i s  po in t  we must make some cons ide ra t ions  of t h e  terms i n  
Equat ions (6.18) and (6.19). Phys ica l ly ,  i s  a s c a l a r  p o t e n t i a l  
f o r  t he  p lane  wave propagation and 
wi th  t h e  v o r t i c i t y  f i e l d .  
t h e  terms V - (vo 6,/az) and pX(vo a;,/&), w e  need t o  assume 
t h a t  vo 
of r .  
$, 
I n  order  t o  be a b l e  t o  e a s i l y  work with 
i s  a func t ion  a s soc ia t ed  
i s  cons tan t  even though mathematical ly  i t  i s  some func t ion  
What we a r e  going t o  do is assume t h a t  vo i s  cons tan t  over 
t h e  c ros s - sec t ion  so f a r  a s  Equation (6.18) i s  concerned. Since 
Jrl i s  a s soc ia t ed  wi th  t h e  v o r t i c i t y ,  t h i s  i n d i c a t e s  t h a t  it w i l l  
have a s i g n i f i c a n t  va lue  only near t h e  wa l l  where we can assume 
vo i s  zero.  Thus, so f a r  a s  Equation (6.19) i s  concerned vo=O. 





Applying the Laplace transformation t o  Equations (6.14), (6.20) and 
(6.21) and solving we  obtain 
and 
where 4 and are the transforms of and $,. Also fl 








Zeroth  Mode Transfer  Equat ions for Rigid  P ipe  
W e  want t o  proceed now t o  develop t h e  t r a n s f e r  equat ions  f o r  a 
r i g i d  p ipe  which has  a s t eady  flow component vo p l u s  a pe r tu rba t ion  
component v , ( t )  which i s  an  average f o r  t h e  c ros s - sec t ion .  For 
t h e  z e r o t h  mode of propagat ion,  we proceed wi th  t h e  a p p l i c a t i o n  of 
boundary condi t ions  t o  Equations (6.26) and (6.27) which r e q u i r e  t h e  
v e l o c i t y  t o  be ze ro  a t  t h e  pipe wa l l .  I f  t h i s  i s  c a r r i e d  ou t ,  t h e  
r e s u l t s  a r e  i d e n t i c a l  t o  those  of Sec t ion  6.2 given by Equation (6 .10) ,  
t h u s  
(6.10) 
S u b s t i t u t i o n  of Equation (6.10) i n t o  (6.24) y i e l d s  a quadra t i c  i n  
( ze ro th  mode only)  
Solving f o r  f from Equation (6.28) g ives  
where 
(6.28) 
( 6 . 2 9 )  
( 6 . 3 0 )  
(6 .31 )  
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and 
( 6 . 3 2 )  
If t h e  r e l a t i o n  f o r  a x i a l  v e l o c i t y  i s  averaged over t h e  c ros s - sec t ion  
and t h e  averaged p res su re  is ca lcu la t ed  from t h e  c o n t i n u i t y  r e l a t i o n  
we ob ta in  
and 
( 6 . 3 3 )  
( 6 . 3 4 )  
Applying t h e  condi t ions  V , ( s )  and P , ( s )  a t  z=O l eads  t o  t h e  
t r a n s f e r  equat ions  given by 
\ ( 6 . 3 6 )  
where 
( 6 . 3 7 )  
Equations ( 6 . 3 5 )  and ( 6 . 3 6 )  are  now t h e  d e s i r e d  t r a n s f e r  equat ions  
r e l a t i n g  the  v a r i a b l e s  of a four- terminal  f l u i d  condui t  such a s  
shown i n  F igure  2 . 5 .  It is  important t o  no te  t h a t  i f  we l e t  vO=O 
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t hen  t h e s e  r e l a t i o n s  reduce i d e n t i c a l l y  t o  t h e  s tandard  form a s  
given by Equations (2.23) and (2.24).  
Figure 6.2 d i sp lays  a p lo t  of t h e  frequency response Log 
[Vl(o)/v, (L)] f o r  a p ipe  wi th  cons t an t  p re s su re  a t  2-0 and 
a "dis turbance generator"  a t  z=L. V,(o) i s  t h e  transformed 
v e l o c i t y  a t  z=O and V,(L) is  t h e  transformed v e l o c i t y  a t  
z=L. Note t h a t  t h e  g r e a t e r  U, (mean s teady  v e l o c i t y )  t h e  
l e s s  t h e  d is turbance  e f f e c t .  
6.4 E f f e c t  of System Body and Vibrat ion Forces  
Now consider  t h e  e f f e c t s  which system body and v i b r a t i o n  
f o r c e s  have upon the f l u i d  contained w i t h i n  t h e  system. Wri t ing 
t h e  f i r s t - o r d e r  equat ion  of motion f o r  a v iscous  f l u i d ,  inc luding  
a body f o r c e  t e r m ,  we  have i n  vector  form 
( 6 . 3 8 )  
where $ r e p r e s e n t s  t he  vector body f o r c e  a c t i n g  on t h e  f l u i d  and 
- 
nay be a func t ion  of both space and t i m e .  Assume t h a t  v i s  
r ep resen t  ab l e  a s  







Taking t h e  divergence of Equation ( 6 . 3 8 )  gives  
o ry  in t roducing  Equation ( 6 . 4 0 )  y i e l d s  
S i m i l a r l y ,  t ak ing  t h e  c u r l  of Equation ( 6 . 3 8 )  and s u b s t i t u t i n g  
Equation ( 6 . 4 1 )  w e  have (assuming axisymmetric flow) 
( 6 . 4 2 )  
( 6 . 4 3 )  
( 6 . 4 4 )  
Only i f  we can now rep resen t  i a s  
a r e  w e  a b l e  t o  o b t a i n  a so lu t ion  t o  Equations ( 6 . 4 3 )  and ( 6 . 4 4 )  i n  
t h i s  manner. I f  ? i s  not representab le  a s  i n  Equation ( 6 . 4 5 )  then  
we must use some other  method. W e  a r e  mainly i n t e r e s t e d  i n  t h e  case  
where 
of boundary motion. I f  ? i s  on ly  t i m e  v a r i a n t  then  it may not  
be expressed a s  i n  Equation ( 6 . 4 5 ) .  
E r ep resen t s  some time varying body fo rce  which i s  a r e s u l t  
Conceptually t h e r e  are two sepa ra t e  types  of problems which 
may be considered under t h e  heading of t i m e  v a r i a n t  body f o r c e s .  
The f i r s t  type involves  conduit systems i n  which v i b r a t i o n s  cause 
motion of t he  condui t  wal l s .  The second type  d e a l s  wi th  those  
sys t ems  which a r e  sub jec t  t o  some type  of e x t e r n a l  t i m e  v a r i a n t  
g r a v i t a t i o n a l  f i e l d .  We w i l l  d i s cuss  only t h e  f i r s t  ca se  a t  t h i s  
t i m e  even though the  second case has  a l s o  been work out  (it w i l l  
be presented  a t  a l a t e r  d a t e . )  
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Case Where t h e  System Boundary is  Moving (Vibrating) 
Consider a f l u i d  conduit  in  which t h e  w a l l s  a r e  undergoing some 
a x i a l  motion a s  shown i n  Figure 6 . 3  vc( t )  i s  t h e  v e l o c i t y  which 
A a +- +E 
Figure  6 . 3  F l u i d  Conduit w i th  Ax ia l  V ib ra t ion  
t h e  conduit  w a l l  a t t a i n s  a s  a r e s u l t  of t h e  t i m e  v a r i a n t  body 
f o r c e .  I n  order  t o  o b t a i n  a s o l u t i o n ,  we w i l l  apply  boundary 
cond i t ions  t o  a gene ra l  so lu t ion  without body f o r c e s  i n  such a 
manner t h a t  t h e  f l u i d  has  t h e  v e l o c i t y  v,(t) a t  t h e  wa l l .  Thus, 
we a r e  not cons ider ing  t h e r e  t o  be a body f o r c e  but r a t h e r  a 
boundary mot ion .  
I n  order t o  avoid some mathematical d i f f i c u l t i e s ,  we w i l l  
on ly  d i scuss  t h e  ze ro th  mode for  a r i g i d  p ipe  a t  t h i s  t i m e ;  t hus  
we may reduce Equation ( 6 . 3 8 )  for  t h i s  case  t o  
( 6 . 4 6 )  
We w i l l  assume t h a t  fo r  t h i s  mode t h e  p re s su re  i s  on,y a func t ion  
of a x i a l  p o s i t i o n  so t h a t  i n  Equation ( 6 . 4 6 )  i t  r e p r e s e n t s  a f o r c i n g  
func t ion .  A gene ra l  s o l u t i o n  in  t h e  Laplace domain i s  
( 6 . 4 7 )  
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Applying t h e  boundary condi t ion  V ( r o , s )  = V c ( s )  g ives  
S u b s t i t u t i n g  ( 6 . 4 8 )  i n t o  ( 6 . 4 7 )  y i e l d s  
( 6 . 4 8 )  
( 6 . 4 9 )  
We may now de r ive  our s tandard  t r a n s f e r  equat ions .  I f  we  average 
Equation ( 6 . 4 9 )  and combine the r e s u l t  wi th  t h e  c o n t i n u i t y  equat ion  
averaged over t he  c ross -sec t ion ,  w e  o b t a i n  a second-order ord inary  
d i f f e r e n t i a l  equat ion  whose so lu t ion  g ives  t h e  propagat ion cons tan t  
as  
( 0 . 5 0 )  
which i s  almost i d e n t i c a l  t o  t h e  form given by Equation (6.11) f o r  
t h e  ze ro th  mode. The corresponding t r a n s f e r  equat ions  a r e  
and 
where 
( 6 . 5 3 )  
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and Z i s  def ined by Equation (2.26).  Notice  from Equations (6.51) 
and (6.52) t h a t  t h e  e f f e c t  of the system adds t o  each of t h e  s tandard  
form t r a n s f e r  equat ions  a t e r m  which i s  p ropor t iona l  t o  I f  
we pu t  V (s)=O, then t h e  equat ions reduce t o  t h e  s tandard  form f o r  
a condui t  w i th  no v ib ra t ion .  
C 
V c ( s ) .  
C 
As a matter of i n t e r e s t ,  apply t h e  above t r a n s f e r  r e l a t i o n s  t o  
t h e  case  of a r i g i d  condui t  which i s  c losed  a t  one end and has a 
cons tan t  p re s su re  source a t  the o ther  end. We a l s o  spec i fy  t h a t  
t he  condui t  experiences an a x i a l  s inuso ida l  v i b r a t i o n  such t h a t  
i t s  transformed v e l o c i t y  i s  V ( s ) ,  Figure  6.4. 
C 
I I 
Figure  6.4 Conduit Model with Axia l  S inusoida l  Vibra t ion  
Applying Equations (6.51) and (6.52) i n  t h i s  ca se ,  we  may ob ta in  
(6.54) 
Equation (6.54) i s  now t h e  t r a n s f e r  r e l a t i o n  f o r  t h e  r a t i o  of 
transformed pressure  a t  t he  closed end t o  the  v i b r a t i o n  ve loc i ty .  
This  example i s  s imi l a r  t o  the problem of a v i b r a t i n g  p i s t o n  i n  
one end of a s t a t i o n a r y  pipe with a cons tan t  pressure  a t  t he  o ther  
end; however, t h e  r e l a t i o n  here i s  cons iderably  more complex. 
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Two d i f f e r e n t  experimental  models a r e  planned wi th  which t o  
v e r i f y  the  v i b r a t i n g  condui t  model presented  i n  t h i s  s e c t i o n ,  
see  Chapter I X .  
6. 5 Lumped Parameter Models 
I n  Sec t ion  2 .5  we discussed t h e  a p p l i c a b i l i t y  of lumped 
parameter models i n  so lv ing  conduit problems. It was s t a t e d  
t h a t  t hese  models a r e  v a l i d  i f  t h e  f requencies  involved a r e  
l e s s  than  about one-eighth of the  f i r s t  c r i t i c a l  frequency of 
t h e  lumped element. This  r e s t r i c t i o n  sugges ts  a very convenient 
method of ob ta in ing  such a model i f  the  corresponding d i s t r i b u t e d  
parameter mode 1 i s  known. 
S i m i l a r i t y  Between Lumped and D i s t r i b u t e d  Models 
Consider now the  t r a n s f e r  r e l a t i o n s  (2 .23 )  and ( 2 . 2 4 )  for  
the  case  of low frequency, i . e . ,  frequency low enough f o r  a 
lumped model t o  be v a l i d .  This means t h a t  L < n/16 so 
t h a t  we may approximate cosh ro L and s inh  L by t h e  f i r s t  




By a c r i t i c a l  comparison of  Equations (6.55) and (6.56) wi th  t h e  
r e l a t i o n s  fo r  t h e  fundamental lumped model, Equations (2.41) and 
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(2 .42) ,  we see  t h a t  by neglec t ing  some of t h e  small  order  terms 
t h e  equat ions will be equivalent  i f  
SIV + R(v> = 2XL (6.57) 
and 
(6.58) 
c a / s ,  thus  from 
Po 0 
W e  have seen,  Equation (2.26),  t h a t  Z = 
Equation (6.58) we must have 
C 
SL (6.59) 
roc - - - - -  SL 
t6G2r,k w- x scv = -
which i s  c o r r e c t ,  see Equation (2.35a).  Considering now Equation 
(6.57)  we see  t h a t  we must have 
(6.60) 
Using the  va lue  of To f o r  the two-dimensional v i scous  model, 
Equation (6.11) ,  we  may r ewr i t e  Equation (6.60) a s  
(6.61) 




From Equation ( 6 . 6 2 )  i t  is  evident t h a t  w e  must have 
( 6 . 6 3 )  
( 6 . 6 4 )  
W e  have now shown t h a t  t h e  t r a n s f e r  equat ions  f o r  t h e  fundamental 
lumped model and a low-frequency form of t h e  d i s t r i b u t e d  parameter 
model are approximately equiva len t  i f  R(v) is  g iven  by Equation 
( 6 . 6 4 ) .  This r e s u l t  sugges ts ,  then, t h a t  we may o b t a i n  lumped 
parameter models from a l l  of our e x i s t i n g  d i s t r i b u t e d  paranieter 
models by simply w r i t i n g  them i n  approximate low-frequency form. 
This w i l l  y i e l d  forms which a r e  mathematically much more t r a c t a b l e  
and which should be  more e a s i l y  i n v e r t e d  back t o  t h e  t i m e  domain. 
It is a n t i c i p a t e d  t h a t  a number of example problems w i l l  b e  
worked out us ing  t h e s e  models. I f  poss ib le ,  t h e  resu l t s  w i l l  
b e  exper imenta l ly  checked. 
area of s tudy .  












CHAPTER V I 1  
Progress  on Hydrodynamic Tunnel 
Need f o r  Hydrodynamic Tunnel 
Considerable progress  has  been made i n  the  development of a 
mathematical model which w i l l  descr ibe the  flow of a s ingle-phase 
f l u i d  through condui t s  (see Chapter V I ) .  The development of a 
mathematical  model which w i l l  handle s ing le -  and two-phase flow 
has  been l imi t ed  because of i n s u f f i c i e n t  information about t h e  
c a v i t a t i o n  p r o p e r t i e s  of var ious l i q u i d s  while  flowing through 
d i f f e r e n t  p re s su re  d i s t r i b u t i o n s  (see Chapter I V ) .  I n  order  t o  
determine t h e  condi t ions  under which profuse and l imi t ed  c a v i t a t i o n  
w i l l  s t a r t  and t h e  condi t ions  which w i l l  cause these  c a v i t i e s  t o  
c o l l a p s e ,  i t  w i l l  be necessary t o  cons t ruc t  a hydrodynamic tunnel .  
The flow of d i f f e r e n t  f l u i d s  through va r ious  geometr ies  w i l l  be 
s tud ied  t o  h e l p  determine these condi t ions .  Given below i s  a l i s t  
of t h e  s t u d i e s  t o  be made using t h e  hydrodynamic tunne l .  
1. Determine t h e  e f f e c t  of a c c e l e r a t i o n  or p re s su re  d i s t r i -  
bu t ion  on r e l a x a t i o n  time f o r  l imi ted-  and p ro fuse -cav i t a t ion  
occuring i n  v e n t u r i  and elbow t e s t  s ec t ions .  
2 .  Determine t h e  condi t ions  under which these  c a v i t i e s  w i l l  
c o l l a p s e .  
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3. Determine t h e  e f f e c t  of flow p a t t e r n s  on t h e  above i t e m s  
(1 and 2 ) .  
4 .  Determine t h e  v a l i d i t y  of s o l u t i o n s  found t o  t h e  c o n t i n u i t y ,  
momentum, and energy equat ions .  
Discussion of Tunnel Design 
The f a c i l i t y  t o  be used i n  t h e  s tudy of bubble formation and 
c o l l a p s e ,  f o r  f lowing f l u i d s ,  i s  a c losed - re tu rn  hydrodynamic 
tunne l  designed t o  handle cryogenic a s  w e l l  a s  ord inary  l i q u i d s .  
The f a c i l i t y  i s  shown schematical ly  i n  F igure  7 . 1 .  The tunne l  i s  
designed t o  accommodate 18-inch-long v e n t u r i  t e s t  s e c t i o n s  and 
elbow t e s t  s e c t i o n s  wi th  var ious 6lr 
of 304 s t a i n l e s s  steel except  for  t h e  hea t  exchanger and tes t  
s e c t i o n s  and has a t o t a l  l i qu id  c a p a c i t y  of about 5 U. S .  ga l lons .  
The v e n t u r i  t es t  sec t ions  w i l l  be operated i n  a v e r t i c a l  p o s i t i o n  
t o  he lp  s imulate  a c t u a l  f low p a t t e r n s  wi th in  a missle.  
speed pump-drive u n i t  , which i s  capable  of providing ope ra t iona l  
f low v e l o c i t i e s  from 15 t o  100 f e e t  per second i n  t h e  t e s t  s e c t i o n s ,  
w i l l  be used. The Cen t r i fuga l  pump i s  a commercially a v a i l a b l e  
u n i t  designed t o  handle l i q u i d  n i t rogen .  I n  order  t o  reduce 
tunnel  l o s s e s ,  only one t e s t  sec t ion  w i l l  be i n s t a l l e d  a t  any 
t ime. 
when uniform, s teady,  i r r o t a t i o n a l  flow i s  d e s i r e d  a t  t he  t e s t  
s e c t  ion.  
r a t i o s .  It w i l l  be  f a b r i c a t e d  
0 
A v a r i a b l e -  
Corner-turning vanes and flow s t r a i g h t e n e r s  w i l l  be used 
The tunnel  f a c i l i t y  is  designed t o  opera te  over a pressure  
range from 0 t o  250 p s i a  and a temperature  range from 130 t o  
-320 F. High pressure  n i t rogen  gas  w i l l  be used a s  the  tunne l  
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p r e s s u r i z i n g  medium. Tunnel pressures  less than  atmospheric w i l l  be 
obta ined  by means of a vacuum system connected t o  t h e  p re s su r i z ing  
l i n e .  
The hea t  exchanger c o n s i s t s  of a double-pipe arrangement. The 
inner  pipe w i l l  be f a b r i c a t e d  of copper t o  provide a good hea t  
t r a n s f e r  between t h e  tunnel  and the  cool ing  or  hea t ing  l i q u i d s .  
Provis ion  has  been made so t h a t  f i n s  can be i n s t a l l e d  on t h e  copper 
p ipe  i f  they  a r e  needed. The outer  tube of t h e  h e a t  exchanger w i l l  
be made of 304 s t a i n l e s s  steel .  An 0-Ring s e a l  w i l l  be used a t  
t h e  upper end of t he  hea t  exchanger t o  e l imina te  t h e  formation of 
thermal s t r e s s e s .  A f l o a t  type l i q u i d  l e v e l  c o n t r o l  va lve  w i l l  
be used t o  c o n t r o l  t h e  coolant  ( l i q u i d  n i t rogen)  l e v e l  when n i t rogen  
i s  being s tud ied  i n  the  tunnel .  
The tunnel  w i l l  be in su la t ed  wi th  cork or some commercially 
a v a i l a b l e  m a t e r i a l  which has a thermal  conduc t iv i ty  of about 0.01 
Btu/hr f t  F. This  w i l l  insure  almost i so thermal  flow except 
through the  pump and hea t  exchanger. 
The f r e e  gas  present  i n  t h e  tunnel  w i l l  be c o n t r o l l e d  wi th  a 
r e so rbe r .  There i s  some ques t ion ,  however, of t he  optimum design 
of a r e so rbe r ;  i f  they  a r e  too  "e f f i c i en t " ,  t h e  amount of f r e e  
gas ,  or n u c l e i ,  may be i n s u f f i c i e n t  f o r  purp,oses of modeling 
incept ion .  Therefore ,  t he  tunnel  w i l l  be operated without  a 
resorber  during i n i t i a l  t e s t i n g .  
CHAPTER VI11 
Progress  on Bubble Observation Chamber 
The bubble observa t ion  chamber of Figure 8 .1  has been cons t ruc ted .  
A l l  metal  p a r t s  a r e  type 304 s t a i n l e s s  s tee l  and the  windows a r e  
made of one-quarter inch t h i c k  P lex ig las .  
The ope ra t ing  pressure  range f o r  t h e  inner  chamber i s  0 t o  30 
p s i a .  The t r a n s i e n t  pressure  con t ro l  i n l e t  i s  connected t o  a 
l a r g e  volume tank.  A t  a po in t  away from any gaseous flow i n  t h i s  
tank ,  a s t a t i c  pressure  t a p  with connect ions t o  a mercury manometer 
i s  used t o  measure t h e  vapor pressure above t h e  l i q u i d  n i t rogen .  
The c o r r e c t i o n  f o r  t h e  l a r g e  temperature g rad ien t  i n  t h e  gas i s  
l e s s  than  one-half  inch of l i q u i d  n i t rogen .  
A s t r a i n  gauge on a diaphragm was placed i n  t h e  bubble chamber 
and i s  t o  be c a l i b r a t e d  s t a t i c a l l y  wi th  t h e  mercury manometer and 
t h e  p re s su re  i n  the  vacuum jacke t .  
Two No. th i r ty-gauge  copper-constantan thermocouples were 
p laced  i n  t h e  inner  chamber t o  measure t h e  temperature  a t  a d i s t ance  
from t h e  bubbles and the  temperature of e i t h e r  a hea t ing  element 
or  t h e  p re s su r i zed  vapor. (The bubbles t o  be observed may be 
formed on a hea t ing  element or by fo rc ing  a vapor through the  
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The P l e x i g l a s  windows a r e  sea l ed  t o  the  metal  su r f aces  by 
p res su re  and t e f l o n  0-Rings. The seal  between t h e  vacuum jacke t  
and t h e  inner  chamber i s  made by rubber p lugs  wi th  ho le s  i n  t h e  
cen te r  . 
Complete c a l i b r a t i o n  and r e p r o d u c i b i l i t y  are  being considered 
f o r  manometers, s t r a i n  gauges,  thermocouples, camera speed, and 
length  measurements. 
t 
CHAPTER IX 
Experimental  S tud ie s  on Single-phase Conduit Models 
9 .1  In t roduc t ion  
I n  t h e  fo l lowing  ma te r i a l  a d e s c r i p t i o n  i s  given of t h e  
experimental  work which i s  being conducted i n  a s s o c i a t i o n  wi th  
t h e  s i n g l e  phase p a r t  of t h e  study. The m a t e r i a l  inc ludes  a 
d i scuss ion  of experimental  apparatus  which has been cons t ruc t ed  
or i s  t o  be cons t ruc ted .  
9 . 2  Descr ip t ion  of E x i s t i n g  Apparatus 
For the purpose of implementation of t he  experimental  s t u d i e s ,  
t h e  fol lowing equipment has  been cons t ruc ted .  
O s c i l l a t i n g  P i s t o n  and Drive Unit 
The o s c i l l a t i n g  p i s t o n  and d r i v e  u n i t  (Figure 9 .1  and 9 . 2 )  
was cons t ruc ted  t o  d r i v e  t h e  two bas i c  sets of experimental  
appara tus  d e t a i l e d  below. The p i s t o n  i s  dr iven  by a hydraul ic  
motor capable  of speeds from near ly  zero  t o  4000 rpm. The power 
supply (Figure 9.3) c o n s i s t s  of a gear  pump d i r e c t l y  coupled t o  
an  e l ec t r i c  motor and employs a flow d iv ide r  va lve  f o r  c o n t r o l  
of o s c i l l a t o r  speed. 
Simple Hydraulic Line Pulsa t ion  Unit  
The f i r s t  experimental  setup (Figure 9 . 4 )  u t i l i z e s  t h e  d r i v e  




























































conta ined  i n  an e i g h t y  f o o t ,  one inch o . d . ,  s t a i n l e s s  steel  l i n e  
which te rmina tes  i n  t h e  constant p re s su re  r e s e r v o i r  (Figure 9 .5 ) .  
A 1000 pound cement pad i s  used t o  provide a f i r m  base fo r  t h e  
d r i v e r  u n i t .  In s t rumen ta t ion  has been provided t o  r e a d  out d r i v e r  
frequency, p re s su re  a t  t h e  p i s ton face ,  and r e s e r v o i r  pressure .  
The Liquid F i l l e d  Vib ra t ing  Tube Unit  I -
The bas i c  o s c i l l a t i n g  dr iver  u n i t  has  been cons t ruc t ed  so 
t h a t  i t  may be mounted i n  a v e r t i c a l  a s  w e l l  a s  a h o r i z o n t a l  
p o s i t i o n .  The v i b r a t i n g  tube un i t  I employs t h e  d r i v e r ,  mounted 
i n  a v e r t i c a l  p o s i t i o n  wi th  the base of a P l e x i g l a s  tube  a t t ached  
as shown i n  Figure 9 .6 .  Th i s  un i t  i s  in tended  t o  be used i n  
determining system v i b r a t i o n  e f f e c t s  bo th  f o r  s ing le-phase  and 
two-phase f l u i d  s t u d i e s .  
i nc lud ing  Freon 11. Ins t rumenta t ion  i s  a v a i l a b l e  t o  measure 
d r i v e r  frequency and system f l u i d  p re s su re  a t  va r ious  p o i n t s  
A v a r i e t y  of f l u i d s  a r e  t o  be  employed 
a long  t h e  tube.  Th i s  u n i t  i s  now ope ra t iona l .  
9 . 3  Experimental R e s u l t s  
The following i s  a desc r ip t ion  of t h e  t es t s  which have been 
performed using the  t e s t  apparatus shown i n  Figure 9.4. 
V e r i f i c a t i o n  of Two-Dimensional Conduit Model 
The f i r s t  series of t e s t s  was conducted i n  order  t o  v e r i f y  
t h e  two-dimensional v i scous  model r ep resen ted  by t h e  t r a n s f e r  
r e l a t i o n s  (Equations 2.23 and 2.24) and using t h e  propagation f a c t o r  
g iven  i n  Equation (6.11).  Tests were conducted f i r s t  wi th  








Figure  9 .6  Vibra t ing  Tube Unit  I 
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was va r i ed  from 400 rpm t o  3000 rpm and t h e  p re s su re  d is turbance  
a t  t h e  d r ive r  end was recorded. 
c o n s i s t s  of a p re s su re  t ransducer  wi th  both s i n g l e  p i n  recorded 
and scope output .  The recorder  i s  used i n  t h e  low rpm ranges 
t o  r eco rd  t h e  t r a c e s ,  and a camera f i t t e d  t o  t h e  scope r eco rds  
t h e  t r a c e s  i n  t h e  higher  rpm ranges.  The system s t a t i c  p re s su re  
was maintained a t  500 p s i ,  thus  al lowing up t o  1000 p s i  peak- 
to-peak pressure  v a r i a t i o n s .  Figure 9 .7  shows an experimental  
and t h e o r e t i c a l  p l o t  f o r  an experimental  run  made wi th  a d r i v e r  
amplitude of .025 inches.  The experimental  da t a  fo l lows  t h e  
t h e o r e t i c a l  p r e d i c t i o n s  w e l l  i n  t h e  reg ion  of t h e  f i r s t  resonant  
p o i n t ,  but  t h e r e  appears  t o  be some discrepancy on t h e  second 
resonant  po in t .  Th i s  d i f f e rence  stems from t h e  f a c t  t h a t  t h e r e  
i s  about a 2 per cen t  d i f f e rence  i n  t h e  resonant  f requencies  
between t h e  experimental  and t h e o r e t i c a l  da t a .  Th i s  i s  a r a t h e r  
smal l  experimental  e r r o r  and could e a s i l y  be accounted f o r  i n  
t h e  c a l c u l a t i o n  of t he  e f f e c t i v e  speed of sound of t h e  f l u i d .  
Since the  tube w a l l s  are not  p e r f e c t l y  r i g i d ,  Equation ( 2 . 4 3 )  
was used i n  c a l c u l a t i n g  t h e  e f f e c t i v e  speed of sound. The va lues  
of )(, co, and Et used i n  the c a l c u l a t i o n s  were obta ined  from 
a handbook and t h e r e  i s  no assurance of t h e i r  accuracy.  
The p res su re  record ing  equipment 
It i s  i n t e r e s t i n g  t o  note  t h a t  a common p r a c t i c e  among 
writers r e p o r t i n g  upon condui t  s t u d i e s  i s  t o  c o r r e c t  t h e i r  ana- 
l y t i c a l  va lue  of t he  speed of sound t o  match t h e i r  experimental  
da ta .  Th i s  i s  mainly due t o  t h e  l ack  of knowledge concerning 
accu ra t e  va lues  of f i  and co f o r  many f l u i d s .  These c o n s t a n t s  
I 
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a r e  d i f f i c u l t  t o  determine and may vary  d r a s t i c a l l y  depending on t h e  
type  of f l u i d ,  i t s  a d d i t i v e s ,  and o ther  f l u i d  parameters.  For 
example, t h e  kerosene obtained from one manufacturer may have q u i t e  
d i f f e r e n t  p r o p e r t i e s  from t h a t  of another  manufacturer.  
Two phenomena which occurred during t h e  tests a r e  worthy of 
n o t e  a t  t h i s  po in t .  The f i r s t  w a s  t h a t  frequency o s c i l l a t i o n s  
occurred i n  t h e  hydraul ic  dr ive  system when t h e  system i s  operated 
ve ry  c l o s e  t o  a resonant  peak. Th i s  i s  apparent ly  due t o  t h e  g r e a t  
change i n  power per change of frequency near t hese  p o i n t s .  Because 
of t h i s ,  t h e  resonant  p o i n t s  m u s t  be approached very  slowly i n  order  
t o  not  induce t h i s  o s c i l l a t i o n .  It was found t o  be impossible  t o  
ge t  t h e  system t o  ope ra t e  exac t ly  a t  resonance. The o the r  phenomena 
was t h e  occurrence of a superimposed s i n e  wave upon t h e  main d i s -  
turbance a t  c e r t a i n  f requencies .  The exact  cause of t h i s  super- 
imposed 'dis turbance has not yet been determined, bu t  it i s  
suspected t h a t  i t  may be the  na tu ra l  f requencies  of t h e  d r i v e r .  
F igure  9.8 shows t y p i c a l  pressure t r a c e s  when t h i s  superimposed 
d i s tu rbance  i s  not  no t i ceab ly  present .  Figure 9.9,  on t h e  o the r  
hand, shows t h e  main s i n e  wave p lus  t h e  superimposed wave. It 
was r a t h e r  hard t o  determine the amplitude of t h e  main d is turbance  
from these  traces so t h e  peak-to-peak va lues  were used. 
va lues  which are  too  high a s  may be seen from t h e  p o i n t s  a t  1200 
and 2000 i n  F igure  9.7.  
t h e  same experimental  conf igura t ion  but  wi th  a d r i v e r  amplitude 
a t  .050 inches.  
Th i s  g ives  







Again, using t h e  f i r s t  experimental  se tup  wi th  MIL-5606 hydraul ic  
f l u i d  a s  t h e  media, a t e s t  was made wi th  t h e  .025 inch  d r i v e r  amplitude.  
A l l  o ther  condi t ions  w e r e  s imi la r  t o  t h e  previous tests. Figure 9.10 
shows t h e  p re s su re  amplitude vs. d r i v e r  frequency p l o t  f o r  t he  t e s t .  
The p l o t  of t h e o r e t i c a l  va lues  shows good agreement wi th  t h e  expe r i -  
mental  da ta .  
A s  was p red ic t ed  the  more viscous f l u i d  demonstrated a lesser 
p res su re  amplitude,  p a r t i c u l a r l y  near t he  resonant  po in t .  Also,  
a s  a n t i c i p a t e d  by theory ,  the  resonant  f requencies  were lowered 
s l i g h t l y .  
Tests With an O r i f i c e  i n  t h e  Line --- 
Two tes ts  were conducted in  which an  o r i f i c e  was s i t u a t e d  i n  
t h e  condui t  between t h e  d r i v e r  and t h e  r e s e r v o i r .  The o r i f i c e  
diameter was 0.25 inches and the condui t  diameter was 0 . 8 3 3  inches .  
Curve #1 (Figure 9.11)  d e p i c t s  the r e s u l t  wi th  the  o r i f i c e  5.87 f e e t  
from t h e  d r i v e r .  Curve $2 r ep resen t s  t h e  r e s u l t  when t h e  o r i f i c e  was 
74.75 f e e t  from t h e  d r i v e r .  The condui t  l ength  was 80.0 f e e t .  
A n a l y t i c a l  r e s u l t s  have no t  y e t  been completed f o r  t h i s  conf igu ra t ion .  
9.4 Planned Equipment Construct ion and Modif ica t ions  
Gear Box --
P a r t s  a r e  being procured for  t h e  cons t ruc t ion  of a se tup  gear  
box wi th  a r a t i o  of 6 .25: l  which i s  t o  be i n s t a l l e d  on t h e  b a s i c  
d r i v e r  u n i t .  This  w i l l  make poss ib le  t h e  i n v e s t i g a t i o n  of higher  
f requencies .  The box w i l l  be e a s i l y  removeable so t h a t  low frequency 
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Vibra t ing  Tube Model I1 
Figure 9.12 shows v i b r a t i n g  tube  model I1 which i s  being cons t ruc t ed  
t o  enable  single-phase s t u d i e s .  P r i m a r i l y  it w i l l  be used t o  determine 
t h e  v a l i d i t y  of t he  a n a l y t i c a l  models a s s o c i a t e d  wi th  system v i b r a t i o n  
and body f o r c e s .  
Steady Flow wi th  Imposed Pu l sa t ion  Model 
Equipment has  a l r eady  been procured f o r  modi f ica t ion  of t h e  
d r i v e r  u n i t  t o  allow a n e t  flow of f l u i d  through a p e r t u r e s  i n  t h e  
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